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Review of continuous systems
• Lypschitz continuity 

• Existence and uniqueness of solutions  
(T1 and T2) 

• Continuity with respect to initial conditions
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extend concepts to continuous + discrete
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discrete coordination can be used together with appropriate continuous controllers to ensure the
safety of the closed loop hybrid system.

3.2 Hybrid Automata

To model all these diverse phenomena one needs a modelling language that is

• descriptive, to allow one to capture different types of continuous and discrete dynamics, be
capable of modelling different ways in which discrete evolution affects and is affected by contin-
uous evolution, allow non-deterministic models (e.g. the thermostat) to capture uncertainty,
etc.

• composable, to allow one to build large models by composing models of simple components
(e.g. for the AHS application).

• abstractable, to allow one to refine design problems for composite models down to design
problems for individual components and, conversely, compose results about the performance
of individual components to study the performance for the overall system.

Modelling languages that possess at least some subset of these properties have been developed in the
hybrid systems literature. Different languages place more emphasis on different aspects, depending
on the applications and problems they are designed to address. In this class we will concentrate
on one such language, called hybrid automata. The hybrid automata we will study are fairly rich
(in terms of descriptive power), but are autonomous, i.e. have no inputs and outputs. They are
therefore unsuitable for studying composition and abstraction properties.

3.2.1 Hybrid Automata

A hybrid automaton is a dynamical system that describes the evolution in time of the values of a
set of discrete and continuous state variables.

Definition 3.1 (Hybrid Automaton) A hybrid automaton H is a collection H = (Q, X, f , Init,
D, E, G, R), where

• Q = {q1, q2, . . .} is a set of discrete states;

• X = Rn is a set of continuous states;

• f(·, ·) : Q × X → Rn is a vector field;

• Init ⊆ Q × X is a set of initial states;

• Dom(·) : Q → P (X) is a domain;

• E ⊆ Q × Q is a set of edges;

• G(·) : E → P (X) is a guard condition;

• R(·, ·) : E × X → P (X) is a reset map.

Recall that P (X) denotes the power set (set of all subsets) of X . The notation of Definition 3.1
suggests, for example, that the function Dom assigns a set of continuous states Dom(q) ⊆ Rn to to
each discrete state q ∈ Q. We refer to (q, x) ∈ Q × X as the state of H .
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Figure 3.8: A hybrid time set τ = {[τi, τ ′
i ]}3

i=0.

An example of a hybrid time set is given in Figure 3.8. Notice that the right endpoint, τ ′
i , of the

interval Ii coincides with the left endpoint, τi+1 of the interval Ii+1 (c.f. the time instants labelled
t2 and t3 in Figure 3.8). The interpretation is that these are the times at which discrete transitions
of the hybrid system take place. τ ′

i corresponds to the time instant just before a discrete transition,
whereas τi+1 corresponds to the time instant just after the discrete transition. Discrete transitions
are assumed to be instantaneous, therefore τ ′

i = τi+1. The advantage of this convention is that it
allows one to model situations where multiple discrete transitions take place one after the other
at the same time instant, in which case τ ′

i−1 = τi = τ ′
i = τi+1 (c.f. the interval I2 = [τ2, τ2]′ in

Figure 3.8).

Despite its somewhat complicated nature, a hybrid time set, τ , is a rather well behaved mathematical
object. For example, there is a natural way in which the elements of the hybrid time set can be
ordered. For t1 ∈ [τi, τ ′

i ] ∈ τ and t2 ∈ [τj , τ ′
j ] ∈ τ we say that t1 precedes t2 (denoted by t1 ≺ t2) if

t1 < t2 (i.e. if the real number t1 is less that the real number t2) or if i < j (i.e. if t1 belongs to
an earlier interval than t2). In Figure 3.8, we have t1 ≺ t2 ≺ t3 ≺ t4 ≺ t5 ≺ t6. In general, given
any two distinct time instants, t1 and t2, belonging to some τ we have that either t1 ≺ t2 or t2 ≺ t2
(c.f. given any two distinct real numbers x and y, either x < y or y < x). Using mathematical
terminology, one would say that each hybrid time set τ is linearly ordered by the relation ≺.

Given two hybrid time sets τ and τ̂ there is also a natural way to define if one is “shorter” than the
other (τ is called a prefix of τ̂ if it is “shorter”). More formally, we say that τ = {Ii}N

i=0 is a prefix of
τ̂ = {Îi}M

i=0 (and write τ $ τ̂ ) if either they are identical, or τ is a finite sequence, N ≤ M (notice
that M can be infinite), Ii = Îi for all i = 0, . . . , N − 1, and IN ⊆ ÎN . We say that τ is a strict
prefix of τ̂ (and write τ ! τ̂ ) if τ $ τ̂ and τ (= τ̂ . In Figure 3.9, τ is a strict prefix of both τ̂ and τ̃ ,
but τ̂ is not a prefix of τ̃ and τ̃ is not a prefix of τ̂ . Notice that given τ and τ̂ we may have neither
τ̂ $ τ nor τ $ τ̂ (c.f. given two sets of real numbers A ⊆ R and B ⊆ R it is possible to have neither
A ⊆ B nor B ⊆ A). Using mathematical terminology, one would say that the set of all hybrid time
sets is partially ordered by the relation $.

Hybrid time sets will be used to define the time horizon over which the states of hybrid systems
evolve. What does it mean for the state to “evolve” over a hybrid time set? For continuous systems
with state x ∈ Rn such an evolution was a function, x(·) : [0, T ] → Rn, mapping a time interval [0, T ]
to the set Rn where the state lives (see Chapter 2). For discrete systems (like the manufacturing
machine example of Chapter 1) whose state takes values in a finite set q ∈ {q1, . . . , qn} such an
evolution was a sequence of states. For hybrid systems, where the state has both a continuous
component x ∈ Rn and a discrete component q ∈ {q1, . . . , qn} we need to come up with a mixture
of these two notions.

Lecture Notes on Hybrid Systems, c© J. Lygeros, 2004 27
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Figure 3.11: τA finite, τC and τD infinite, τE and τF Zeno.

Exercise 3.3 Show that an execution is Zeno if and only if it takes an infinite number of discrete
transitions in a finite amount of time. Does an execution definer over the hybrid time set τB of
Figure 3.11 belong to any of the classes of Definition 3.5?

3.3 Bibliography and Further Reading

Hybrid systems arise naturally in a number of engineering applications. In addition to the applica-
tions mentioned above, the hybrid paradigm has also been used successfully to address problems in
air traffic control [95], automotive control [15], bioengineering [23], chemical process control [57, 33],
highway systems [99, 44] and manufacturing [83].

The formal definition of hybrid automata is based on a fairly standard class of autonomous hybrid
systems. The notation used here comes from [64, 47]. This class of systems has been studied
extensively in the literature in a number of variations, for a number of purposes, and by a number
of authors. Special cases of the class of systems considered here include switched systems [82],
complementarity systems [97], mixed logic dynamic systems [39], and piecewise linear systems [49]
(the autonomous versions of these, to be more precise). The hybrid automata considered here are a
special case of the hybrid automata of [5] and the impulse differential inclusions of [14] (discussed
in Chapter 7 of these notes), both of which allow differential inclusions to model the continuous
dynamics. They are a special case of the General Hybrid Dynamical Systems of [21], which allow
the continuous state to take values in manifolds (different ones for each discrete state). They are also
a special case of hybrid input/output automata of [68], which, among other things, allow infinite-
dimensional continuous state.
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What can go wrong? 
• Problems in the continuous evolution 

- existence  

- uniqueness  

- finite escape 

•  Problems in the hybrid execution:  

- chattering  

- zeno  

• Non-continuous dependency on initial conditions
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Consequence of over-simplified or ill-posed model!



Solution requires new concepts
• reachable states 

• transition states 

• deterministic v. non-deterministic 

• blocking v. non-blocking
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Fundamental concepts
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ulation. Here the simulation algorithm may be called upon to decide between different al-
ternatives. When a choice between continuous evolution and discrete transition is possible, a
common approach is to take transitions the moment they are enabled (as-soon-as semantics).
Probabilistic methods have also been proposed for dealing with non-determinism in the context
of simulation.

• Discontinuity: Lack of continuity of the solution with respect to initial conditions, an inherent
characteristic of hybrid systems, can also lead to problems, both theoretical and practical. The
most common problem is event detection (guard crossing).

• Composability: When simulating large scale systems (e.g. the Automated Highway System
of Chapter 3), one would like to be able to build up the simulation by composing different
components (e.g. models for the motion of each vehicle). It may also be desirable to add
components to the simulation on-line (e.g. to model vehicles joining the highway), eliminate
components (e.g. to model vehicles leaving the highway), or redefine the interactions between
components (e.g. to model vehicles changing lanes). Object oriented modelling languages have
been developed to address these needs.

4.2 Two Fundamental Concepts

Reachability is a fundamental concept in the study of hybrid systems (and dynamical systems in
general). Roughly speaking, a state, (q̂, x̂) ∈ Q × X of a hybrid automaton H is called reachable
if the hybrid automaton can find its way to (q̂, x̂) while moving along one of its executions. The
importance of the concept of reachability is difficult to overstate. In the next section we will show
how reachability plays a central role in the derivation of existence and uniqueness conditions for
executions. Reachability will also turn out to be a key concept in the study of safety properties for
hybrid systems.

More formally,

Definition 4.1 (Reachable State) A state (q̂, x̂) ∈ Q × X of a hybrid automaton H is called
reachable if there exists a finite execution (τ, q, x) ending in (q̂, x̂), i.e. τ = {[τi, τ ′

i ]}N
0 , N < ∞, and

(qN (τ ′
N ), xN (τ ′

N )) = (q̂, x̂).

We will use Reach ⊆ Q × X to denote the set of all states reachable by H . Clearly, Init ⊆ Reach.

Exercise 4.1 Why are all initial states reachable?

Another important concept in the study of existence of executions for hybrid automata is the set of
states from which continuous evolution is impossible. We will call these states transition states. For
(q̂, x̂) ∈ Q × X and some ε > 0, consider the solution, x(·) : [0, ε) → Rn of the differential equation

dx

dt
= f(q̂, x) with x(0) = x̂. (4.1)

Notice that, under the assumption that f is Lipschitz continuous in x, the solution to equation (4.1)
exists and is unique (Theorem 2.1). The states, Trans ⊆ Q × X , from which continuous evolution
is impossible are

Trans = {(q̂, x̂) ∈ Q × X | ∀ε > 0 ∃t ∈ [0, ε) such that (q̂, x(t)) )∈ Dom(q̂)} .

In words, Trans is the set of states for which continuous evolution along the differential equation
forces the system to exit the domain instantaneously.

The exact characterisation of the set Trans may be quite involved. Clearly, continuous evolution
is impossible for all states outside the domain (refer to Definition 3.4). Therefore, for each discrete

Lecture Notes on Hybrid Systems, c© J. Lygeros, 2004 30

state q ∈ Q, states in the complement of the domain of q (i.e. the set of all x outside Dom(q),
denoted by Dom(q)c) must belong to Trans. Mathematically this can be written as

⋃

q∈Q

{q}× Dom(q)c ⊆ Trans

If Dom(q) is a closed set (i.e. it contains its boundary), then Trans may also contain pieces of the
boundary of the domain. In the examples considered in this class, it is usually straight forward to
figure out what these parts are going to be.

Example (Water Tank (continued)) Consider again the water tank automaton, and assume
that

0 < v1, v2 < w.

We will show how to compute the sets Reach and Trans for this system.

First of all Reach must contain all initial states. Therefore

Reach ⊇ {q1, q2}× {x ∈ R
2 | (x1 ≥ r1) ∧ (x2 ≥ r2)} (4.2)

Can it contain any other states? It turns out that it can not. To see why, we will show using
induction that the state remains in the set Init.

Consider an arbitrary initial state (q̂, x̂) ∈ Init and an arbitrary execution (τ, q, x) starting at (q̂, x̂).
The fact that (q̂, x̂) ∈ Init provides the base case for the induction argument. Assume that for some
i, (qi(τi), xi(τi)) ∈ Init, and consider the case where qi(τi) = q1 (the case qi(τi) = q2 is similar). If
τ ′
i > τi, then continuous evolution takes place from (qi(τi), xi(τi)). Along this evolution, the first

component of the continuous state increases (because qi(τi) = q1, therefore ẋ1 = w−v1 and v1 < w).
The second component of the continuous state, on the other hand, decreases, but remains above r2.
This is because, by the definition of an execution,

xi(t) ∈ Dom(q1) = {x ∈ R
2 | x2 ≥ r2}

for all t ∈ [τi, τ ′
i ]. Therefore, (qi(t), xi(t)) remains in Init along continuous evolution.

If τ ′
i = ∞, or if [τi, τ ′

i ] is the last interval in τ we are done! Otherwise, a discrete transition takes
place from (qi(τ ′

i ), xi(τ ′
i)). But the reset relation, R, leaves x unaffected, therefore,

(qi+1(τi+1), xi+1(τi+1)) ∈ Init

The last statement is true even if τi = τ ′
i .

Summarising, if (qi(τi), xi(τi)) ∈ Init, then (qi(t), xi(t)) ∈ Init for all t ∈ [τi, τ ′
i ]. Moreover,

(qi+1(τi+1), xi+1(τi+1)) ∈ Init. Therefore, by induction on i, (qi(t), xi(t)) ∈ Init for all i and all
t and

Reach ⊆ {q1, q2}× {x ∈ R
2 | (x1 ≥ r1) ∧ (x2 ≥ r2)} (4.3)

Equations (4.2) and (4.3) together imply that

Reach = {q1, q2}× {x ∈ R
2 | (x1 ≥ r1) ∧ (x2 ≥ r2)}

To establish the set Trans for the water tank system, notice that continuous evolution is impossible
if q = q1 and x2 < r2 (the inflow will get immediately switched to tank 2) or if q = q2 and x1 < r1.
Therefore,

Trans ⊇
(
{q1}× {x ∈ R

2 | x2 < r2}
)
∪

(
{q2}× {x ∈ R

2 | x1 < r1}
)

On the other hand, continuous evolution is possible if q = q1 and x2 > r2, or if q = q2 and x1 > r1.
Therefore

Trans ⊆
(
{q1}× {x ∈ R

2 | x2 ≤ r2}
)
∪

(
{q2}× {x ∈ R

2 | x1 ≤ r1}
)

 9

Transition states 

Set of states from which continuous evolution is 
impossible:  
 
States for which continuous evolution forces the 
system to exit the domain instantaneously + states 
outside the domain
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ulation. Here the simulation algorithm may be called upon to decide between different al-
ternatives. When a choice between continuous evolution and discrete transition is possible, a
common approach is to take transitions the moment they are enabled (as-soon-as semantics).
Probabilistic methods have also been proposed for dealing with non-determinism in the context
of simulation.

• Discontinuity: Lack of continuity of the solution with respect to initial conditions, an inherent
characteristic of hybrid systems, can also lead to problems, both theoretical and practical. The
most common problem is event detection (guard crossing).

• Composability: When simulating large scale systems (e.g. the Automated Highway System
of Chapter 3), one would like to be able to build up the simulation by composing different
components (e.g. models for the motion of each vehicle). It may also be desirable to add
components to the simulation on-line (e.g. to model vehicles joining the highway), eliminate
components (e.g. to model vehicles leaving the highway), or redefine the interactions between
components (e.g. to model vehicles changing lanes). Object oriented modelling languages have
been developed to address these needs.

4.2 Two Fundamental Concepts

Reachability is a fundamental concept in the study of hybrid systems (and dynamical systems in
general). Roughly speaking, a state, (q̂, x̂) ∈ Q × X of a hybrid automaton H is called reachable
if the hybrid automaton can find its way to (q̂, x̂) while moving along one of its executions. The
importance of the concept of reachability is difficult to overstate. In the next section we will show
how reachability plays a central role in the derivation of existence and uniqueness conditions for
executions. Reachability will also turn out to be a key concept in the study of safety properties for
hybrid systems.

More formally,

Definition 4.1 (Reachable State) A state (q̂, x̂) ∈ Q × X of a hybrid automaton H is called
reachable if there exists a finite execution (τ, q, x) ending in (q̂, x̂), i.e. τ = {[τi, τ ′

i ]}N
0 , N < ∞, and

(qN (τ ′
N ), xN (τ ′

N )) = (q̂, x̂).

We will use Reach ⊆ Q × X to denote the set of all states reachable by H . Clearly, Init ⊆ Reach.

Exercise 4.1 Why are all initial states reachable?

Another important concept in the study of existence of executions for hybrid automata is the set of
states from which continuous evolution is impossible. We will call these states transition states. For
(q̂, x̂) ∈ Q × X and some ε > 0, consider the solution, x(·) : [0, ε) → Rn of the differential equation

dx

dt
= f(q̂, x) with x(0) = x̂. (4.1)

Notice that, under the assumption that f is Lipschitz continuous in x, the solution to equation (4.1)
exists and is unique (Theorem 2.1). The states, Trans ⊆ Q × X , from which continuous evolution
is impossible are

Trans = {(q̂, x̂) ∈ Q × X | ∀ε > 0 ∃t ∈ [0, ε) such that (q̂, x(t)) )∈ Dom(q̂)} .

In words, Trans is the set of states for which continuous evolution along the differential equation
forces the system to exit the domain instantaneously.

The exact characterisation of the set Trans may be quite involved. Clearly, continuous evolution
is impossible for all states outside the domain (refer to Definition 3.4). Therefore, for each discrete
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Reachable states 

Solutions visit certain sets



Properties of Hybrid Systems

Non-blocking:  For all reachable states for which continuous 
evolution is impossible, a discrete transition is possible 
 
 

Lemma 1

Deterministic: Non-blocking ⇔ C1 holds
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Properties of Hybrid Systems

Deterministic:  

- Discrete transitions have unique destinations 

- Whenever a discrete transition is possible continuous 
evolution is not

C3: (q̂, q̂�) ⇥ E ⇧ (q̂, q̂��) ⇥ E with q̂� ⇤= q̂�� � x̂ /⇥ G(q̂, q̂�) ⌅G(q̂, q̂��)

C2: x̂ ⇥ G(q̂, q̂�) for some (q̂, q̂�) ⇥ E � (q̂, x̂) ⇥ Trans

C4: (q̂, q̂�) ⇤ E ⌅ x ⇤ G(q̂, q̂�)⇥ |R(q, q�, x)| � 1

Lemma 2
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A hybrid system has a unique infinite solution if Conditions  
C1-C4 are satisfied

Theorem 4
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Stability
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In 1892 he was awarded the degree of 
Professor of Science (the second after PH.D 
academic degree of Russia) after defending 
the thesis A general task about the stability of 
motion (Общая задача об устойчивости 
движения). The theory of stability has been 
studied extensively by many researchers.

Issued by the Soviet Union 
on June 20, 1957, on the 
100th anniversary of his 
birth

Stability for continuous systems



Stability for switched systems
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• Multiple Lyapunov functions 

• Common Lyapunov function 

• Design stabilizing switching sequence



Stability for hybrid systems
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Theorem 5
Consider a hybrid automaton H with |Q| < ⌃. Consider an open set D ⇤ X
with 0 ⌥ D and a function V : Q ⇥ D ⇧ R continuous in x with V (q, 0) = 0
and V (q, x) > 0 for all x ⌥ D � {0}. Assume that for all (�, q, x) the sequence
{V (q(�i), x(�i)} is non-increasing and that there exists a continuous function g :
R+ ⇧ R+ with g(0) such that for all t ⌥ [�i, � �

i ], V (q(t), x(t)) ⌅ g(V (q(�i), x(�i))
then x = 0 is a stable equilibrium of H.
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show that the origin is a stable equilibrium point
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Step 1

Step 2

Step 3

P1 = 

    0.2752   -0.0225 
   -0.0225    2.7478 

P2 = 

    2.7478    0.0225 
    0.0225    0.2752



Example
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Step 4



Example
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Step 5

t

V(q,x(t))

t
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For the following hybrid system:

Derive the hybrid model H = {Q, X, f, Int, D, E, G, R} 
Is H non-blocking? 
Is H deterministic? 
Sketch the state trajectory for both the mode and the continuous state

ẋ = 1 ẋ = �2

x(0) := 0

0  x  1 0  x  1

mode 1 mode 2

x(t) = 1

x(t) = 0


