
Community analytics
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Communities (Zachary karate club)
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Could the boundaries of the two clubs been been predicted from the structure?

• In some scenarios, yes! 

• No explicit definition of node types 

• Division based on edge density 

• More specifically, modularity 



Community analytics
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• No agreed-upon definition of community! 

• Quantitative definitions of community  

• based on internal and external degrees 

• definition of community in a strong/weak sense 

• Communities based on modularity (commonly-used measure) 

• Analyzing modularity 

• Conditions for community structure to satisfy different definitions 

• Distribution of nodes among modules 

• Limits of modularity 

• Clique percolation 

• Communities with overlapping (link partitioning)



Communities (Facebook)
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Groups of friends that have a higher affinity to connect to each other  
than to friends from other communities

Community: Generally thought of as subgraph where internal connections 
are denser than external ones



Communities
• Non-overlapping communities 

• Weak and strong definitions of communities1 

• Consider a graph G = (V,E.) and a subgraph Gs = (Vs,Es.)
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k ini : number of edges connecting node i to other nodes belonging to Gs

<latexit sha1_base64="K7/85CTUqZjQUzKWEm68Pj1kaX8="></latexit>

kouti : number of edges connecting node i toward nodes in the rest of the network

<latexit sha1_base64="OO9X1WVrc+lj7R0MGgcCyiwDm+c="></latexit>

Strong definition of community 
A subgraph Gs is a community of G in the strong sense if  

 k ini > k
out
i for all i 2 Vs

<latexit sha1_base64="EyYd3d+FsaKsrEB4r8BOb+5Jw3w="></latexit>

Weak definition of community 
A subgraph Gs is a community of G in the strong sense if  

 

X

i2Vs

k ini >
X

i2Vs

kouti = mouts

<latexit sha1_base64="NMa4ym/WBZlkuUJxf0d84uul4X4="></latexit>

1F. Radicchi, C. Castellano, F. Cecconi, V. Loreto and D. Parisi, Proc. Natl. Acad. Sci. 101, 2658-2663, 2004



Modularity
Idea: number of edges within a group minus the expected number in an equivalent 
network with edges placed at random
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V = {v1, . . . , vn} : set of nodes

<latexit sha1_base64="47AjFopH0F6TdpN0qZqFvd+LCkw="></latexit>

m = |E| =
1

2

X

i

ki : total number of edges

<latexit sha1_base64="0OKVM7pLS/INvx5hMIW3e4mYMOg="></latexit>

ai j : number of edges between nodes i and j

<latexit sha1_base64="/EYX2x27GZj77czrgYX8WFVs3QI="></latexit>

ki : degree of node i

c1

c2

c3

c4

mc : number of edges between |Vc | nodes

<latexit sha1_base64="3x0KSOVSukZGHcVFgkXh2wHmiO0="></latexit>

Vc : nodes belonging to community c

<latexit sha1_base64="L/9v/Z5sYCJ8260HdBUeg/HUim4="></latexit>

nc : number of communities

<latexit sha1_base64="qP1DCU4TRIwyjt+jOiKShWYMqWc="></latexit>

If mc is greater than the expected value, then Vc is considered a module/community 

For c = c1 :

<latexit sha1_base64="5WgzRuzQaI2X8uMxPeapwVQ9ztg=">AAACKHicbVDLSgMxFM3UV62vWpdugiK4KjOiKIpQUMSlglXBKSWTZtrQZDIkd6RlmG9xJ+o/+Acu3Em3foiYPha29awO59znCWLBDbhuz8nNzM7NL+QXC0vLK6trxfXSrVGJpqxKlVD6PiCGCR6xKnAQ7D7WjMhAsLugfdb37x6ZNlxFN9CNWU2SZsRDTglYqV7c8GWgOumF0jjzT+gprXvH9eK2W3YHwNPEG5HtSv7jvXT+vHVVL/74DUUTySKgghjz4Lkx1FKigVPBsoKfGBYT2iZN9mBpRCQztXRwfIZ3rNLAoT0gVBHggfq3IyXSmK4MbKUk0DKTXl/81xMsBN7oTKyH8KiW8ihOgEV0uD1MBAaF+/HgBteMguhaQqjm9gFMW0QTCjbEsfFUBpo3W5AVCjYwbzKeaXK7V/b2ywfXNrl9NEQebaIttIs8dIgq6BJdoSqiqIue0At6dd6cT+fL6Q1Lc86oZwONwfn+BQvoqUM=</latexit>

nc = 4

<latexit sha1_base64="TcsB5YRt8AtTmddx7N8sohAsFf4=">AAACGHicbVDLSsNAFJ3UV42vWpduQovgqiRS0Y1Q0IXLCqYttKFMJpN26GQSZm7EEvoNbtUP8C8EdyK4cufPiNPHwrYeuHA45965c4+fcKbAtr+N3Mrq2vpGftPc2t7Z3SvsFxsqTiWhLol5LFs+VpQzQV1gwGkrkRRHPqdNf3A59pt3VCoWi1sYJtSLcE+wkBEMWnJFl1xUu4WyXbEnsJaJMyPlWv7ztXj1Uqp3Cz+dICZpRAUQjpVqO3YCXoYlMMLpyOykiiaYDHCPtjUVOKLKyyafHVlHWgmsMJa6BFgT9e9EhiOlhpGvOyMMfbXojcV/PU5DYMH9wnoIz72MiSQFKsh0e5hyC2JrHIcVMEkJ8KEmmEimD7BIH0tMQIc29zyJfMl6fRiZpg7MWYxnmTROKk61cnqjk6uiKfLoEJXQMXLQGaqha1RHLiKIoQf0iJ6MZ+PNeDc+pq05YzZzgOZgfP0CtjKjcg==</latexit>

mc = 10

<latexit sha1_base64="8zbOo5f9JQe3u3E62bkwyktRwIE=">AAACGXicbVC7SgNBFJ2Nr7i+YixthgTBKuxKRBshoIVlBPOAJITZ2dlkzMzuMnNXDEv+wVbt/QsLOxE7K39GnDwKEz1w4XDOvXPnHi8WXIPjfFmZpeWV1bXsur2xubW9k9vN13WUKMpqNBKRanpEM8FDVgMOgjVjxYj0BGt4g/Ox37hlSvMovIZhzDqS9EIecErASHXZpWeu080VnZIzAf5L3BkpVrIfL/mL50K1m/tu+xFNJAuBCqJ1y3Vi6KREAaeCjex2ollM6ID0WMvQkEimO+nktyN8YBQfB5EyFQKeqL8nUiK1HkrPdEoCfb3ojcV/PcEC4P7dwnoITjspD+MEWEin24NEYIjwOA/sc8UoiKEhhCpuDsC0TxShYFKbe55KT/FeH0a2bQJzF+P5S+pHJbdcOr4yyZXRFFm0jwroELnoBFXQJaqiGqLoBt2jB/RoPVmv1pv1Pm3NWLOZPTQH6/MHJzKjqA==</latexit>

Nc = {v1, v2, v3, v4, v5, v6}

<latexit sha1_base64="DfqZZd9ex7Tu22dGrRMZt73sU90=">AAACNHicbVDLSsNAFJ3UV62v+Ni5MFgEF1KS2qoboeDGlVSwD2hKmEwn7dDJg5mbYgld+jVu1X8R3IlbP0Gcpl3Y1gMHDue+uMeNOJNgmu9aZml5ZXUtu57b2Nza3tF39+oyjAWhNRLyUDRdLClnAa0BA06bkaDYdzltuP2bcb0xoEKyMHiAYUTbPu4GzGMEg7Ic/ejOIdd2MnCss4FTVDxXLCmWFS/skaPnzYKZwlgU1lTkKwdeiqqj/9idkMQ+DYBwLGXLMiNoJ1gAI5yOcnYsaYRJH3dpS8kA+1S2k/SRkXGinI7hhUIxACN1/04k2Jdy6Luq08fQk/O1sflvjVMPWOdx7jx4V+2EBVEMNCCT617MDQiNcVRGhwlKgA+VwEQw9YBBelhgAirQmfXEdwXr9mCUy6nArPl4FkW9WLBKhfK9Sq6EJsiiQ3SMTpGFLlEF3aIqqiGCntAzekGv2pv2oX1qX5PWjDad2Ucz0L5/AXEerNs=</latexit>
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s : V 7! {1, ..., nc}

<latexit sha1_base64="30IZw3/hgSlmQsYRbG9pFGiTbFQ="></latexit>

�(vi , vj) =

(
1, if s(vi) = s(vj)

0, otherwise

<latexit sha1_base64="Thtbia4OJnXgCyYpORfRbLxA25s="></latexit>

Modularity
• Membership function
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node jnode i

c1

c2

c3

c4

Mc =
1

2m

X

vi ,vj2Vc

(ai j � pi j)

<latexit sha1_base64="F7AhsF1UQ4J38PJ1FZeXx2b3NOU="></latexit>

normalization factor

probability of a random edge  
(based on degree preserving model)

• Modularity of group c

1

2

X

vi ,vj2Vc

ai j

<latexit sha1_base64="O6qG6sONz8V72uGyOAavHM0O4nk="></latexit>

• Number of edges within group c 

M =
ncX

c=1

Mc =
X

vi ,vj2V
(ai j � pi j)�(vi , vj)

<latexit sha1_base64="QUFEzjvGIdTED13+6VsuN9sFfd4="></latexit>

Network modularity 



Modularity
• Degree preserving null model: 

• equivalent network 

• same number of edges m  

• edges placed at random 

• Consider vi and vj with ki and kj 

• Not necessary within the same group 

• Event A = “node vi with ki is linked to vj with kj.”

8

node jnode i

c1

c2

c3

c4

• A = “half-edges of vi connect to half-edges of vj.” 

• |A.| = kikj (rule of product) 

• |Ω| = 2m (total number of half-edges)

pi j =
|A|
|⌦| =

kikj
2m

<latexit sha1_base64="IdxYwDnXaVwIpPOG7Q29Egy0aDo="></latexit>

• Probability that a half-edge of node i connects to a half-edge of node j



• For a given group 

• If Mc > 0, then group c is a potential community

Mc =
1

2m

X

vi ,vj2Vc

✓
ai j �

kikj
2m

◆

<latexit sha1_base64="XDQtJdbaGMwl8LJUKEyEhwWHbek="></latexit>

Modularity
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M =
1

2m

X

vi ,vj2V

✓
ai j �

kikj
2m

◆
�(vi , vj)

<latexit sha1_base64="mJ2/OOoeq/MZ/bnCRIT5e4qEbjE="></latexit>

• For the entire network

=
ncX

c=1

mc
m

<latexit sha1_base64="UFPAjcV8xdk5P43RZmv4mZL0GNU="></latexit>

number of edges within group c 

total number of edges in the network

1

2m

X

vi ,vj2V
ai j�(vi , vj) =

ncX

c=1

1

2m

X

vi ,vj2Vc

ai j

<latexit sha1_base64="Xc+rjtTxUcRLXo/DzOvWacIQfzw="></latexit>

• Consider the first term (aggregating by community)



Modularity
• For a given group 

• If Mc > 0, then group c is a potential community
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M =
1

2m

X

vi ,vj2V

✓
ai j �

kikj
2m

◆
�(vi , vj)

<latexit sha1_base64="mJ2/OOoeq/MZ/bnCRIT5e4qEbjE="></latexit>

• For the entire network

1

2m

X

vi ,vj2V

kikj
2m
�(vi , vj) =

ncX

c=1

1

(2m)2

X

vi ,vj2Vc

kikj

<latexit sha1_base64="N1Zwk7opKO3jX89dBBNHCanEj3A="></latexit>

• Similarly, for the second term

where kc is the total degree of the nodes inside group c

=
ncX

c=1

1

(2m)2
k2c

<latexit sha1_base64="LK4z09j1el03vTtwxUOnfkzQ4xs="></latexit>

Mc =
1

2m

X

vi ,vj2Vc

✓
ai j �

kikj
2m

◆

<latexit sha1_base64="XDQtJdbaGMwl8LJUKEyEhwWHbek="></latexit>



Analyzing modularity
• Network modularity can be written as
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M =
ncX

c=1

 
mc
m
�
✓
kc
2m

◆2!

<latexit sha1_base64="QhBpluUYaGT5KqeHH47MODBr8Kk="></latexit>

fraction of edges inside group c

expected fraction of edges if established at random

• Number of (outgoing) edges joining nodes in group c to the rest of the network

moutc = ↵mc for some ↵ � 0

<latexit sha1_base64="p+MlF9U6AzjyZYOznCjPI9J6ZE0="></latexit>

• If        , then group c is disconnected↵ = 0

<latexit sha1_base64="bRz+8Nl2A2Y9xaOyRYKIE5I7tDQ=">AAACHnicbVDLSgNBEOyNr7i+oh69DAbBU9gVRT2IAS8eI5gHJEuYncwmQ2YfzPSKIeQzvKqf4smbeNWfESebHExiQUNR1T09XX4ihUbH+bZyS8srq2v5dXtjc2t7p7C7V9NxqhivsljGquFTzaWIeBUFSt5IFKehL3nd79+M/foDV1rE0T0OEu6FtBuJQDCKRmq2qEx6lFwRh7QLRafkZCCLxJ2S4vUbZKi0Cz+tTszSkEfIJNW66ToJekOqUDDJR3Yr1TyhrE+7vGloREOuvWH25RE5MkqHBLEyFSHJ1L8TQxpqPQh90xlS7Ol5byz+60keoOg8zq3H4MIbiihJkUdssj1IJcGYjEMhHaE4QzkwhDIlzAGE9aiiDE10M8+z0Fei28ORbZvA3Pl4FkntpOSels7unGL5cpIc5OEADuEYXDiHMtxCBarAIIYneIYX69V6tz6sz0lrzprO7MMMrK9fV6qjUQ==</latexit>

kc = 2mc +m
out
c = (2 + ↵)mc

<latexit sha1_base64="rgDC8X1M6YgfaKIXsGOwUiBACFA="></latexit>

• Total degree of all nodes inside group c (internal and external degree)

where kc = (2 + ↵)mc

<latexit sha1_base64="+xvbuSRlK3/XB9T3OTh30ZhS3ks="></latexit>



where kc = (2 + ↵)mc

<latexit sha1_base64="+xvbuSRlK3/XB9T3OTh30ZhS3ks="></latexit>

Analyzing modularity
• Network modularity can be written as
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M =
ncX

c=1

 
mc
m
�
✓
kc
2m

◆2!

<latexit sha1_base64="QhBpluUYaGT5KqeHH47MODBr8Kk="></latexit>

• The subgraph of group c is a module if

mc
m
�

✓
kc
2m

◆2
> 0

<latexit sha1_base64="E/6Bkzx1MqihaVj+YZvnbiBUAE0="></latexit>

⇒ mc
m
�

✓
(2 + ↵)mc
2m

◆2
> 0

<latexit sha1_base64="iwytm3v33t2KUwGk6tgd1Z7b198="></latexit>

mc <
4m

(2 + ↵)2

<latexit sha1_base64="3qwJI/9TtAi7gqc1rzvONJXjxnw="></latexit>

• Rearranging terms

mc
m
>
(2 + ↵)2m2c
4m2

<latexit sha1_base64="/dtsro/S+0vR2+S5e1qoKUdg3Q4="></latexit>

⇒

• If          the disconnected graph is a module for            (true for         )↵ = 0

<latexit sha1_base64="jAbqb7ANLSSSYrIgebd+uIqN55g=">AAACHXicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRT2IBS8eK9gPbEvJptk2NJtdklmxlP4Lr+pf8eJNvIp/Rky3Hmzrg4HHezOZzPNjKQy67peTWVhcWl7JrubW1jc2t/LbO1UTJZrxCotkpOs+NVwKxSsoUPJ6rDkNfclrfv9q7NfuuTYiUrc4iHkrpF0lAsEoWumuSWXco+SCuO18wS26Kcg88X5J4fIVUpTb+e9mJ2JJyBUySY1peG6MrSHVKJjko1wzMTymrE+7vGGpoiE3rWH64xE5sEqHBJG2pZCk6t+JIQ2NGYS+7Qwp9sysNxb/9SQPUHQeZtZjcNYaChUnyBWbbA8SSTAi40xIR2jOUA4soUwLewBhPaopQ5vc1PMs9LXo9nCUy9nAvNl45kn1qOgdF09u3ELpfJIcZGEP9uEQPDiFElxDGSrAQMEjPMGz8+K8Oe/Ox6Q14/zO7MIUnM8f+WqjJw==</latexit>

mc < m

<latexit sha1_base64="MeLszMTVBtZunJJDcr9SpWhie0Q=">AAACGHicbVDLSsNAFJ3UV41a62MnQrAIrkoiigouCm5cVjBtoYYymUzaoTNJmLkRS+g3uFW/xp106869/oY6fSxs64ELh3PunTv3+AlnCmz7w8gtLC4tr+RXzbX1jcJmcWu7puJUEuqSmMey4WNFOYuoCww4bSSSYuFzWve7V0O/fk+lYnF0C72EegK3IxYygkFLrmiRS9EqluyyPYI1T5wJKVUKP1+D/d3Paqv4fRfEJBU0AsKxUk3HTsDLsARGOO2bd6miCSZd3KZNTSMsqPKy0Wf71qFWAiuMpa4IrJH6dyLDQqme8HWnwNBRs95Q/NfjNAQWPMysh/Dcy1iUpEAjMt4eptyC2BrGYQVMUgK8pwkmkukDLNLBEhPQoU09T4QvWbsDfdPUgTmz8cyT2nHZOSmf3ujkLtAYebSHDtARctAZqqBrVEUuIoihR/SEno0X49V4Mwbj1pwxmdlBUzDefwHKRaTP</latexit>

• If          the bound limits the number of internal edges that a module can have!↵ > 0

<latexit sha1_base64="ghgEesvky/wAw57jNNzDlDKAXYo=">AAACHHicbVC7SgNBFJ31GddXoqXNYBCswq4oaqMBG8sI5iFJCLOzs8mQmd1l5q4YQnobK1u1yZ+IndgKfoY/IE4ehUk8cOFwzr1z5x4vFlyD43xZc/MLi0vLqRV7dW19YzOd2SrpKFGUFWkkIlXxiGaCh6wIHASrxIoR6QlW9toXA798y5TmUXgNnZjVJWmGPOCUgJFuakTELYLPnEY66+ScIfAscccke/7df+i/Zu4LjfRPzY9oIlkIVBCtq64TQ71LFHAqWM+uJZrFhLZJk1UNDYlkut4dfriH94zi4yBSpkLAQ/XvRJdIrTvSM52SQEtPewPxX0+wALh/N7UegpN6l4dxAiyko+1BIjBEeBAJ9rliFETHEEIVNwdg2iKKUDDBTTxPpad4swU92zaBudPxzJLSQc49zB1dOdn8KRohhXbQLtpHLjpGeXSJCqiIKJLoET2hZ+vFerPerY9R65w1ntlGE7A+fwG5TaZd</latexit>

↵ � 0

<latexit sha1_base64="AwwUmnXXZ3ln3GAn8U64Dmbn1os="></latexit>

• Upper bound on edge density for subgraph to be a module



 
X

i2Vc

k ini >
X

i2Vc

kouti = moutc

!

<latexit sha1_base64="doO0eJAItN+AcHyjxRwMxwVSshI="></latexit>

• Total degree of internal subgraph larger than its external degree 

• Perfect balance between internal and external degree  

• Consistent with “weak” definition of community by Radicchi1 

            

2mc = m
out
c

<latexit sha1_base64="Lmyxc1DhpKHhzziyi86D4ZFqm7M="></latexit>

mc <
4m

(2 + ↵)2
= m for ↵ = 0

<latexit sha1_base64="D0vwo9dKEXxJreDySZOKrXmm4zQ="></latexit>

mc <
4m

(2 + ↵)2
=
1

4
m for ↵ = 2

<latexit sha1_base64="1gr4gVesPESJFxL4eSOimntmU1Y="></latexit>

Analyzing modularity
• Consider 
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⇒ 2mc > m
out
c

<latexit sha1_base64="NJ+H8X+JXYENZDcneGsPfM3nD/E=">AAACKnicbVDLSsNAFJ34tr6i4kLcBEVwY0mKYt0UwY3LCtYW2homk0k7dCYTZm6kJeRj3Kof4Te4K279DnHaurDVAxcO59zHzAkSzjS47tCam19YXFpeWS2srW9sbtnbO/daporQGpFcqkaANeUspjVgwGkjURSLgNN60Lse+fVHqjST8R0MEtoWuBOziBEMRvLtvZLwScXUQ9YSgexnMoU89+0jt+iO4fwl3g85utovvy1WToOqb3+1QklSQWMgHGvd9NwE2hlWwAineaGVappg0sMd2jQ0xoLqdjZ+fu4cGyV0IqlMxeCM1d8TGRZaD0RgOgWGrp71RuK/HqcRsLA/cx6icjtjcZICjcnkepRyB6QzCsgJmaIE+MAQTBQzH3BIFytMwMQ4tZ6IQLFOF/JCwQTmzcbzl9yXit5Z8fzWJHeJJlhBB+gQnSAPXaArdIOqqIYIytATekYv1qv1bg2tj0nrnPUzs4umYH1+A0AQqmE=</latexit>

0 < ↵ < 2

<latexit sha1_base64="koK1UL6TDSE0X7R1kUBJ9RIqin8=">AAACHXicbVDLSsNAFJ34rPHV6tJNsAiuSlIUFQoW3LisYB/YljKZTNqhk0mYuRFL6N6NO7fqon8iuBO34mf4A+L0sbCtBy4czrl37tzjRpwpsO0vY2FxaXllNbVmrm9sbm2nMzsVFcaS0DIJeShrLlaUM0HLwIDTWiQpDlxOq273YuhXb6lULBTX0ItoM8BtwXxGMGjpxi40MI86uJBvpbN2zh7BmifOhGTPvwcPg9fMfamV/ml4IYkDKoBwrFTdsSNoJlgCI5z2zUasaIRJF7dpXVOBA6qayejHfetAK57lh1KXAGuk/p1IcKBUL3B1Z4Cho2a9ofivx6kPzLubWQ/+aTNhIoqBCjLe7sfcgtAaZmJ5TFICvKcJJpLpAyzSwRIT0MlNPU8CV7J2B/qmqQNzZuOZJ5V8zjnKHV/Z2eIZGiOF9tA+OkQOOkFFdIlKqIwIEugRPaFn48V4M96Nj3HrgjGZ2UVTMD5/AV+oprM=</latexit>

2mc +m
out
c = (2 + ↵)mc

< 4mc

<latexit sha1_base64="VhmNJ810pCwt2nvvORF4Xr2GQjk="></latexit>

• Total degree of all nodes inside group c for  0 < ↵ < 2

<latexit sha1_base64="koK1UL6TDSE0X7R1kUBJ9RIqin8=">AAACHXicbVDLSsNAFJ34rPHV6tJNsAiuSlIUFQoW3LisYB/YljKZTNqhk0mYuRFL6N6NO7fqon8iuBO34mf4A+L0sbCtBy4czrl37tzjRpwpsO0vY2FxaXllNbVmrm9sbm2nMzsVFcaS0DIJeShrLlaUM0HLwIDTWiQpDlxOq273YuhXb6lULBTX0ItoM8BtwXxGMGjpxi40MI86uJBvpbN2zh7BmifOhGTPvwcPg9fMfamV/ml4IYkDKoBwrFTdsSNoJlgCI5z2zUasaIRJF7dpXVOBA6qayejHfetAK57lh1KXAGuk/p1IcKBUL3B1Z4Cho2a9ofivx6kPzLubWQ/+aTNhIoqBCjLe7sfcgtAaZmJ5TFICvKcJJpLpAyzSwRIT0MlNPU8CV7J2B/qmqQNzZuOZJ5V8zjnKHV/Z2eIZGiOF9tA+OkQOOkFFdIlKqIwIEugRPaFn48V4M96Nj3HrgjGZ2UVTMD5/AV+oprM=</latexit>

1F. Radicchi, C. Castellano, F. Cecconi, V. Loreto and D. Parisi, Proc. Natl. Acad. Sci. 101, 2658-2663, 2004

• If         , then                 , which implies stronger conditions 

• The higher   , the “stronger” the community (based on the definition by Radicchi1)

↵ = 3

<latexit sha1_base64="+F+9UxKr4tKBo+M4H9mq/EbFnRI=">AAACHXicbVDJSgNBEK2JW4xb1KOXxiB4CjMuqAcx4MVjBLNgEkJPpydp0tMzdNeIIeQvvKq/4sWbeBV/RuwsB5P4oODxXlVX1/NjKQy67reTWlhcWl5Jr2bW1jc2t7LbO2UTJZrxEotkpKs+NVwKxUsoUPJqrDkNfckrfvd66FceuDYiUnfYi3kjpG0lAsEoWum+TmXcoeSSHDezOTfvjkDmiTchuas3GKHYzP7UWxFLQq6QSWpMzXNjbPSpRsEkH2TqieExZV3a5jVLFQ25afRHPx6QA6u0SBBpWwrJSP070aehMb3Qt50hxY6Z9Ybiv57kAYrW48x6DM4bfaHiBLli4+1BIglGZJgJaQnNGcqeJZRpYQ8grEM1ZWiTm3qehb4W7Q4OMhkbmDcbzzwpH+W9k/zprZsrXIyTgzTswT4cggdnUIAbKEIJGCh4gmd4cV6dd+fD+Ry3ppzJzC5Mwfn6Bf56oyo=</latexit>

3mc > m
out
c

<latexit sha1_base64="cPG6ZURPVbifda+8wbnEPtxF7o0=">AAACKnicbVDLSgMxFM1Uq7W+quJC3AwWwY1lxgfWTSm4cVnBPqCtJZNm2mAyGZI7YhnmY9yqH+E3uCtu/Q4xfSxs64ELh3PuIzleyJkGxxlaqaXl9MpqZi27vrG5tZ3b2a1pGSlCq0RyqRoe1pSzgFaBAaeNUFEsPE7r3uPNyK8/UaWZDO5hENK2wL2A+YxgMFInt38uOqRk6iFuCU8+xzKCJOnk8k7BGcNeJO6U5MsHxY906dSrdHI/ra4kkaABEI61brpOCO0YK2CE0yTbijQNMXnEPdo0NMCC6nY8fn5iHxula/tSmQrAHqt/J2IstB4Iz3QKDH09743Efz1OfWDd57nz4BfbMQvCCGhAJtf9iNsg7VFAdpcpSoAPDMFEMfMBm/SxwgRMjDPrifAU6/UhyWZNYO58PIukdlZwLwqXdya5azRBBh2iI3SCXHSFyugWVVAVERSjF/SK3qx369MaWl+T1pQ1ndlDM7C+fwFB1Kpi</latexit>

↵

<latexit sha1_base64="oCuvGSPVHzWtJFzb+zbUACxg1GM=">AAACGXicbVDLSsNAFL2prxpfVZdugkVwVRJR1JUFNy4r2Ae0oUwmk2bs5MHMjVhK/8Gt+jO6E7eu/BlxmnZhWw9cOJxz79y5x0sFV2jb30ZhaXllda24bm5sbm3vlHb3GirJJGV1mohEtjyimOAxqyNHwVqpZCTyBGt6/eux33xgUvEkvsNBytyI9GIecEpQS40OEWlIuqWyXbFzWIvEmZLy1RvkqHVLPx0/oVnEYqSCKNV27BTdIZHIqWAjs5MplhLaJz3W1jQmEVPuMP/tyDrSim8FidQVo5WrfyeGJFJqEHm6MyIYqnlvLP7rCRYg9x/n1mNw4Q55nGbIYjrZHmTCwsQa52H5XDKKYqAJoZLrAywaEkko6tRmnqeRJ3kvxJFp6sCc+XgWSeOk4pxWzm7tcvVykhwU4QAO4RgcOIcq3EAN6kDhHp7gGV6MV+Pd+DA+J60FYzqzDzMwvn4BNnWiUg==</latexit>



Analyzing modularity
• Communities are defined within the modularity framework and according to the 

weak definition, if for any group c and 

14

↵ = ↵c

<latexit sha1_base64="UghJs1i6WdPgZFHqn/ovUhnnM/M=">AAACJnicbZDLSgMxFIYz9VbH21TdiRAsgqsyI4q6EApuXFawF2iHkkkzndDMheSMWkofxa36Km7cibhzoa+hppeFbT0Q+Pj/c3KS30sEV2Db70Zmbn5hcSm7bK6srq1vWLnNiopTSVmZxiKWNY8oJnjEysBBsFoiGQk9wape52LgV2+YVDyOrqGbMDck7Yj7nBLQUtPKNYhIAoLP8QiatGnl7YI9LDwLzhjyxfWfr+fd7c9S0/putGKahiwCKohSdcdOwO0RCZwK1jcbqWIJoR3SZnWNEQmZcnvDp/fxvlZa2I+lPhHgofp3okdCpbqhpztDAoGa9gbiv55gPvDW3dR68E/dHo+SFFhER9v9VGCI8SAc3OKSURBdDYRKrj+AaUAkoaAjnLiehp7k7QD6pqkDc6bjmYXKYcE5Khxf6eTO0KiyaAftoQPkoBNURJeohMqIolt0jx7Qo/FkvBivxtuoNWOMZ7bQRBkfvzn5qaM=</latexit>

2. Fraction of edges joining nodes in group c to the rest of  
the network satisfies 

↵ < 2

<latexit sha1_base64="LUYz5xMP5x3drDq/w5FyypvGGIU=">AAACHHicbVC7SgNBFJ2Nr7i+Ei1tBoNgFXaDooJgwMYygnlIEsLsZDYZMrO7zNwVQ0hvY2WrNvkTsRNbwc/wB8TJozCJBy4czrl37tzjRYJrcJwvK7GwuLS8kly119Y3NrdS6e2SDmNFWZGGIlQVj2gmeMCKwEGwSqQYkZ5gZa9zMfTLt0xpHgbX0I1YXZJWwH1OCRjppkZE1CZnOdxIZZysMwKeJ+6EZM6/Bw+D1/R9oZH6qTVDGksWABVE66rrRFDvEQWcCta3a7FmEaEd0mJVQwMima73Rh/u432jNLEfKlMB4JH6d6JHpNZd6ZlOSaCtZ72h+K8nmA+8eTezHvyTeo8HUQwsoOPtfiwwhHgYCW5yxSiIriGEKm4OwLRNFKFggpt6nkpP8VYb+rZtAnNn45knpVzWPcweXTmZ/CkaI4l20R46QC46Rnl0iQqoiCiS6BE9oWfrxXqz3q2PcWvCmszsoClYn7+5eaZd</latexit>

mc <
1

4
m

<latexit sha1_base64="UxOrftKWwIQnUk0JStLFu6jFgvg=">AAACJ3icbZDLSgMxFIYzXmu91YorN8EiuCozUlHBRUEQlxXsBdpSMmmmDU1mhuSMtAzzJuJOrI/gU7gTXfoiYnpZ2NYDgZ//Pycn+dxQcA22/WUtLa+srq2nNtKbW9s7u5m9bEUHkaKsTAMRqJpLNBPcZ2XgIFgtVIxIV7Cq27se5dUHpjQP/HsYhKwpScfnHqcEjNXKZLFsUXzV8BShsZPEhUS2Mjk7b48LLwpnKnJF5+bg7Xn4WGplfhrtgEaS+UAF0bru2CE0Y6KAU8GSdCPSLCS0RzqsbqRPJNPNePz2BB8bp429QJnjAx67fydiIrUeSNd0SgJdPZ+NzH8zwTzg7f7cevAumjH3wwiYTyfbvUhgCPCIDm5zxSiIgRGEKm4+gGmXGDZgGM5cT6WreKcLSTptgDnzeBZF5TTvFPJnd4bcJZpUCh2iI3SCHHSOiugWlVAZUdRHT+gFDa1X6936sD4nrUvWdGYfzZT1/QsPJKlt</latexit>

1. Number of edges within group c satisfies 



Analyzing modularity

2

1

3

4

5 6

7

8

9

10

11

12

13

14

17

18

20

22

26

24

25

28

29
30

27
31

32

33

15

16

19

21

23

34

c3
c1

c2

from node (in c) to node (in c)

2(c2) 1(c3)
3(c2) 1(c3)
4(c2) 1(c3)
8(c2) 1(c3)
9(c1) 1(c3)
9(c1) 3(c2)
13(c2) 1(c3)
14(c2) 1(c3)
18(c2) 1(c3)
20(c3) 2(c2)
22(c2) 1(c3)
28(c1) 3(c2)
29(c1) 3(c2)
31(c1) 2(c2)
32(c1) 1(c3)
33(c1) 3(c2)
34(c1) 10(c2)
34(c1) 14(c2)
34(c1) 20(c3)

<latexit sha1_base64="YMnhr2SJB/pmIkVeSUVKblGadmk="></latexit>

P3
c=1m

out
c = 38

<latexit sha1_base64="H4FfoJUxw7aIzDdcZBSO2byZXtM="></latexit>

moutc = ↵cmc

<latexit sha1_base64="QyJp7G52KskfnY8RyV6ODhV1EnU="></latexit>

External degree:

Total degree:

and

2m = 2
3X

c=1

mc +
3X

c=1

moutc = 118 + 38 = 156

<latexit sha1_base64="iiE5MQgdjsQThk/A05U0LtxZ3X4="></latexit>

c1 c2 c3 total

mc 34 13 12 -

moutc

<latexit sha1_base64="AsjjpGb39hlLYaODdPtnlZGMEMQ=">AAACJXicbVDLSsNAFJ3UR7W+4mPnJiiCG0siFV0W3LhUsFpsa5hMJu3QmUyYuaktIX8i7tSvcSeCK/9EnD4WtnrgwuGce+fOPUHCmQbX/bQKc/MLi8Wl5dLK6tr6hr25daNlqgitEcmlqgdYU85iWgMGnNYTRbEIOL0NuudD/7ZHlWYyvoZBQlsCt2MWMYLBSL5tC5/cZ00RyH4mU8hz3953y+4Izl/iTch+deeo/VB8urv07e9mKEkqaAyEY60bnptAK8MKGOE0LzVTTRNMurhNG4bGWFDdykY/z50Do4ROJJWpGJyR+nsiw0LrgQhMp8DQ0bPeUPzX4zQCFvZn1kN01spYnKRAYzLeHqXcAekMs3FCpigBPjAEE8XMAQ7pYIUJmASnniciUKzdgbxUMoF5s/H8JTfHZa9SPrkyyVXQGEtoF+2hQ+ShU1RFF+gS1RBBPfSIntGL9Wq9We/Wx7i1YE1mttEUrK8fArioxg==</latexit>

10 16 12 38

2mc 68 26 24 118

↵c

<latexit sha1_base64="PLWMyca5eUMsxM+UgHVAJooZVcQ=">AAACG3icbVC7SgNBFJ2Nr7i+YixthgTBKuxKRMuAFpYRzANMCLOzs9khs7PLzF0xLPkJW7X1L6zsJK2FPyNOHoVJPHDhcM69c+ceLxFcg+N8W7m19Y3Nrfy2vbO7t39QOCw2dZwqyho0FrFqe0QzwSVrAAfB2oliJPIEa3mDq4nfemBK81jewTBh3Yj0JQ84JWCkdoeIJCQ92iuUnYozBV4l7pyUa/nxe/H6rVTvFX46fkzTiEmggmh97zoJdDOigFPBRnYn1SwhdED67N5QSSKmu9n0vyN8YhQfB7EyJQFP1b8TGYm0Hkae6YwIhHrZm4j/eoIFwP3HpfUQXHYzLpMUmKSz7UEqMMR4kgj2uWIUxNAQQhU3B2AaEkUomNwWnqeRp3g/hJFtm8Dc5XhWSfOs4lYr57cmuSqaIY+OUQmdIhddoBq6QXXUQBQJ9ISe0Yv1an1Yn9Z41pqz5jNHaAHW1y+55KUT</latexit>

0.29 1.23 1 -

How “weak” are the communities? 

m = 78



Analyzing modularity

• Consider a network made up of a single community  

• Number of edges within group c satisfies mc = m  

• Total degree of the nodes inside the only community k1 = 2m 

• For a single community, M = 0

16

M =
ncX

c=1

 
mc
m
�
✓
kc
2m

◆2!

<latexit sha1_base64="QhBpluUYaGT5KqeHH47MODBr8Kk="></latexit>

• Back to modularity equation

• In general, M > 0.3 for community structure to be evident

Mmax = max
nc ,mc ,m

M  1

<latexit sha1_base64="L+9d9JFl7mj5fzjJqEt6HsVW1ws="></latexit>

For any network, maximizing modularity requires 



Analyzing modularity

17

• Network with a ring topology between communities 

• Note that
ncX

c=1

mc = m � nc

<latexit sha1_base64="5V2HAflrfsU0dkoSqKzyE9ooqnc="></latexit>

c2

c3

c4

c1

Ring topology: minimum number  
of edges between communities

M =
ncX

c=1

 
mc
m
�
✓
kc
2m

◆2!

<latexit sha1_base64="QhBpluUYaGT5KqeHH47MODBr8Kk="></latexit>

• Modularity

attains its maximum value when 

mc =
m

nc
� 1

<latexit sha1_base64="0mtZ2JsG/irIRhAAhelDaI+pV8Q="></latexit>

=
ncX

c=1

 
mc
m
�
✓
2mc + 2

2m

◆2!

<latexit sha1_base64="f2eaMR/KuwGHEzpuSMPSFmc6T+g="></latexit>

 (Lagrange multipliers)

M is maximized when all modules have the same number of edges!

kc = 2mc +m
out
c = 2mc + 2

<latexit sha1_base64="rRVk5ln3RhTVSQgK6tKWbqHlifA="></latexit>



• Lagrange multipliers (constrained optimization) 

• Maximize 

subject to 

g(mc) =
ncX

c=1

mc �m + nc = 0

<latexit sha1_base64="ItrCuZMfqdkpQVZe3ecDxtx3Mxs="></latexit>

Analyzing modularity

18

f (mc) =
ncX

c=1

 
mc
m
�
✓
2mc + 2

2m

◆2!

<latexit sha1_base64="oq+Gr5CcqlEE46h3gCZiffUCl2o="></latexit>

• Define the Lagrangian

L(mc ,�) = f (mc)� �g(mc)

=
ncX

c=1

✓
mc
m
�
(2mc + 2)2

2m

◆
� �

 
ncX

c=1

mc �m + nc

!

<latexit sha1_base64="g8iXo+wF1kvyOjvSLBZG+oZZGD4="></latexit>

• Solve

rmc,�L(mc ,�) = 0 ()

(
rmc f (mc) = �rmcg(mc)
g(mc) = 0

<latexit sha1_base64="IQnko9WlA98kvfaqObTwn5/cWuE="></latexit>



Analyzing modularity
• To satisfy                                  

19

rmc f (mc) = �rmcg(mc)

<latexit sha1_base64="sq8LrzXHN0TchB3FMIO00FSpBKQ="></latexit>

• For any group c

@

@mc

ncX

c=1

 
mc
m
�
✓
2mc + 2

2m

◆2!

=
1

m
+
2mc + 1

2m2

<latexit sha1_base64="YwfHjuql6PGjzhhIZI8DamActZU="></latexit>

= �

 
@

@mc

ncX

c=1

mc �m + nc

!

= �

<latexit sha1_base64="kRjWAbWJPQsOCoSEI3ifbba9Su8="></latexit>

• Moreover, since  g(mc) = 0

<latexit sha1_base64="Jcf/WeOJRFeYRYpXC5U3HQRM4Nk=">AAACG3icbVDLSgNBEOyNrxhfUU/iZTEI8RJ2RVEPQsCLxwjmAUkIs7OzmyEzu8tMrxhCwG/wqn6NN/HqwZ8RJ4+DSSxoKKq6p6fLSwTX6DjfVmZpeWV1Lbue29jc2t7J7+7VdJwqyqo0FrFqeEQzwSNWRY6CNRLFiPQEq3u9m5Fff2BK8zi6x37C2pKEEQ84JWikRliUHXpy7XTyBafkjGEvEndKCuWDJxih0sn/tPyYppJFSAXRuuk6CbYHRCGngg1zrVSzhNAeCVnT0IhIptuD8X+H9rFRfDuIlakI7bH6d2JApNZ96ZlOSbCr572R+K8nWIDcf5xbj8Fle8CjJEUW0cn2IBU2xvYoEdvnilEUfUMIVdwcYNMuUYSiyW3meSo9xcMuDnM5E5g7H88iqZ2W3LPS+Z1J7gomyMIhHEERXLiAMtxCBapAQcAzvMCr9Wa9Wx/W56Q1Y01n9mEG1tcvMbyiMg==</latexit>

ncX

c=1

mc � n + nc = ncmc �m + nc = 0

<latexit sha1_base64="YXwgmc9A5JQGLdjeHjSOocxTSGY="></latexit>

=
m

nc
� 1

<latexit sha1_base64="qkse4jsgWTLP24c0ODwl74yk8I8=">AAACJ3icbZDLSgMxFIYzXmqtt6pLN8EiuLHMiEVdCIIblwr2Am0pmTTThiaZITkjLcM8hXu36tO4E12q7yGml4VtPRD4+f9zcpLPjwQ34LofzsLi0nJmJbuaW1vf2NzKb+9UTBhryso0FKGu+cQwwRUrAwfBapFmRPqCVf3e1TCv3jNteKjuYBCxpiQdxQNOCVirld+5aASa0ESmiWrRFB95uJUvuEV3VHheeBNRuCxldr+/HrI3rfxPox3SWDIFVBBj6p4bQTMhGjgVLM01YsMiQnukw+pWKiKZaSajt6f4wDptHITaHgV45P6dSIg0ZiB92ykJdM1sNjT/zQQLgLf7M+shOGsmXEUxMEXH24NYYAjxkA5uc80oiIEVhGpuP4Bpl1hAYBlOXU+lr3mnC2kuZ4F5s3jmReW46J0US7eW3DkaVxbtoX10iDx0ii7RNbpBZURRHz2iJ/TsvDivzpvzPm5dcCYzu2iqnM9fTxOo6A==</latexit>

=) mc =
m � nc
nc

<latexit sha1_base64="J9VqsLOMdYxMtApk5c/N4hpbFb4="></latexit>

• So
mc = mc 0 for any c, c

0 2 {1, ..., nc}

<latexit sha1_base64="801iS9Cb2F7yqkadVhZTndp1jY4="></latexit>

• All groups have the same number of internal edges 



= 0 when nc =
p
m

<latexit sha1_base64="XnzIzxeXxo2L1Eu9cwIjjlS5inc="></latexit>

! 1 as m !1

<latexit sha1_base64="QnXllHE1D72NBPFb0kkBAv8/37U="></latexit>

Analyzing modularity
• For 
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mc =
m

nc
� 1

<latexit sha1_base64="0mtZ2JsG/irIRhAAhelDaI+pV8Q="></latexit>

=
ncX

c=1

 
m
nc
� 1
m

�
✓
2(mnc � 1) + 2

2m

◆2!

<latexit sha1_base64="ye2Ygpy4/xna97a4WhCgbrUcpSY="></latexit>

= nc

✓
1

nc
�
1

m
�
1

n2c

◆

<latexit sha1_base64="EzIfM4XleMP5TA7mCTtmgGGHXFE="></latexit>

= 1�
nc
m
�
1

nc

<latexit sha1_base64="KV3D5E6pSgxC2kWXOqS6dsA0Vi0="></latexit>

Mmax(nc , m) =
ncX

c=1

 
mc
m
�
✓
2mc + 2

2m

◆2!

<latexit sha1_base64="eEZnhrkrLN8J+SUSaliga8YsZHc="></latexit>

dMmax(nc , m)

dnc
= �

1

m
+
1

n2c

<latexit sha1_base64="41tsF7qxm+6nEHeVAMHKALputL4="></latexit>

• Since 

• Let                                          

Mmax(m) = Mmax(n
⇤
c , m) = 1�

2p
m

<latexit sha1_base64="Jrt3YCyhTsS81vgJID8XeFZmTjg="></latexit>

n⇤c be the closest integer to
p
m

<latexit sha1_base64="jxW5vLSYoxPMukCnCg7XTX0XjZw="></latexit>

Intrinsic scale of order 
p
m

<latexit sha1_base64="gfk8pVEc8cqVdJjI8Uemf0i3HaA="></latexit>



Remarks
• Maximum value of M depends on number of edges m 

• Maximized when all modules have the same number of edges 

• Number of edges of each module 

21

m

n⇤c
� 1 =

mp
m
� 1 =

p
m � 1

<latexit sha1_base64="8Cr6EKeg0ZQm78jDZKjgR0PxhDE="></latexit>

• Not necessarily the same number of nodes! 

• Modularity does not depend on the distribution of nodes among modules

• Exact solutions to maximizing modularity are computationally expensive  

• Approximations 

• Greedy algorithm 

• InfoMap 

• Louvain



Maximizing modularity (karate club)

22

Two communities (M = 0.37)

Greedy algorithm (M = 0.38) Louvain (M = 0.42) - optimal

InfoMap (M = 0.40)



Louvain community detection

m
od

ul
ar

ity
 M

number of iterations
23

super-communities  
are defined 

http://youtu.be/dGa-TXpoPz8

• Assign each node to a unique community  

• Pick a nodes at random  

• Evaluate placing the node in the community of each neighbor 

• Select community that yields the greatest positive modularity change 

• Continue picking nodes at random until minimum increase in modularity 

• Define super-communities  

• Repeat previous steps



Community structure: applications
• Global events trigger viral information (spreading of viral information) 

• Distinct diffusion patterns with respect to community structure  

• Viral information easily crosses community boundaries  

• Example: email data from Enron in the wake of bankruptcy  

• Idea: detect events by monitoring intra- and inter-community communications

24

no event: most communication 
takes place within communities

global event: more communication 
takes place across communities

P. Moriano, J. Finke, Y-Y., Ahn. Community-Based event Detection in temporal Networks. Scientific Reports, 2019



Community structure: applications
• Inter- and intra-community link ratios 

• Community structure based on InfoMap

25

2SCIENTIFIC REPORTS |          (2019) 9:4358  | �����ǣȀȀ���Ǥ���ȀͷͶǤͷͶ͹;Ȁ�ͺͷͻͿ;ǦͶͷͿǦͺͶͷ͹ͽǦͶ

www.nature.com/scientificreportswww.nature.com/scientificreports/

systematic major events trigger large viral cascades. For the two case studies, the email communication network 
and the Twitter network, the related content about the events becomes easily accessible to multiple communities.

Results
Enron. Using the email data from Enron, we compare the proposed method against the baseline of email 
volume. Figure 2 shows the time series of the volume of emails sent between 2000-09-30 and 2002-04-30. First, 
we consider whether the volume of emails correlates with the events associated to Enron’s collapse (depicted by 
the dashed vertical lines). Figure 2(a) shows the weekly volume of emails. "e horizontal solid line represents the 
moving average of emails during the observation period using a window length equivalent to a year of data (52 
weeks). Each horizontal red band represents one moving standard deviation from the moving average using the 
same window length (more intense bands indicate observations that are further away from the mean, based on 
Algorithm 1). Note that events 1, 4, 5 and 6 lie more than one standard deviation away from the moving average 
and their occurrence coincides with a burst of emails. However, this relationship does not hold for events 2, 3 
and 7.

We measure the di#erence between inter- and intra-community link ratios detailed in equations (1) and (2). 
For the Enron dataset, the community partition results from a period of =m 910  weeks. For discussion on select-
ing the appropriate value of m0, see Supplementary Information (SI), Section S1. Figure 2(b) shows that the 

Figure 1. Schematic representation of the proposed event detection method. For both networks nodes are 
associated to the same communities but di#erent patterns of communication within and across communities 
emerge. (a) When there is no event, most communication takes place within communities. (b) When a large 
event occurs, more communication takes place across communities because of the global relevance and the 
virality of the event.

Figure 2. Time series of Enron events. (a) Time series of the number of emails. (b) Time series of the di#erence 
between the inter- and intra-community link ratios. (c) Time series of the number of emails classi$ed by topics. 
(d) Time series of the di#erence between the inter- and intra-community link ratio classi$ed by topics.

(a) (c)

(c) (d)

Time series of Enron events. (a) Time series of the number of emails. (b) Time series of the difference 
between the inter- and intra-community link ratios. (c) Time series of the number of emails classified by 
topics. (d) Time series of the difference between the inter- and intra-community link ratio classified by topics.

P. Moriano, J. Finke, Y-Y., Ahn. Community-Based event Detection in temporal Networks. Scientific Reports, 2019



Community structure: applications
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strong ties

weak

Dunbar’s number:  
Theoretical cognitive limit to the 
number of people with whom one 
can maintain strong ties (stable 
social relationships) 

Dunbar's number commonly cited as 150

Granovetter’s theory:  
Suggests that weak ties define 
“diffusion of influence and 
information, and  mobility 
opportunities.”

Alternative methods to compute communities?



Clique percolation method (CPM)
• Idea: identify all cliques (fully connected subgraphs) of size k 

• A community: overlapping sets of cliques of size k-1
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Zachary Karate Club k = 3 (21 total)

k = 4 (2 total) k = 5 (2 total)



Cliques for k = 4 and k = 5
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k = 4 (2 total)

c1 = {v24, v30, v33, v34} 
c2 = {v9, v31, v33, v34}

No two cliques (of size k = 4)  
share k-1 members

k = 5 (2 total)

c1 = {v1, v2, v3, v4, v14} 
c2 = {v1, v2, v3, v4, v8}

Nodes v1 to v4 belong to both cliques



Cliques for k = 3
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list of cliques: 
c1 = {v26, v25, v32} 
c2 = {v6, v7, v3} 
c3 = {v3, v9, v33}  
c4 = {v1, v4, v13}  
c5 = {v1, v3, v9} 
c6 = {v1, v6, v11}  
c7 = {v1, v6, v7} 
c8 = {v1, v5, v11}  
c9 = {v1, v5, v7} 
c10={v1, v2, v22}  
c11={v1, v2, v20} 
c12={v1, v2, v18}  
c13={v30, v27, v34} 
c14={v29, v32, v34}  
c15={v24, v28, v34}  
c16={v33, v23, v34}  
c17={v33, v21, v34}  
c18={v33, v19, v34}  
c19={v33, v16, v34}  
c20={v33, v15, v34}  
c21={v33, v32, v34}

Overlapping sets of cliques: 

c16

c21

c20

c19

c18

c17

c10

c11 c12

c6 c7

c8 c9



Remarks
• CPM suitable for dense networks 

• For a network with n nodes and m edges: 

• Typically, small values of k (2 < k < 7) 

• CPM for weighted networks 

• k-cliques with intensity larger than a threshold are included into a 
community
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m = O(n2)

• Aims to find specific localized structure (pattern matching) 

• High-quality communities (but for a small fraction of the network) 

• Highly overlapping communities can have many more external than internal 
connections



Karate club (greedy algorithm)
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modularity based non-modularity based



Karate club (InfoMap)
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modularity based non-modularity based



Karate club (Louvain)
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modularity based non-modularity based



Problem
As we have seen, one needs to be careful when defining community structures based 
on modularity. Complete the following steps:  

1. From SNAP, download the social network facebook_combined.txt  

2. Create the corresponding graph using networkx 

3. Compute the division of the network that maximizes modularity (use greedy 
modularity maximization) 

4. Verify that the resulting communities are defined within the modularity 
framework and according to the weak definition 

5. Generate a random network based on the degree preserving model (where 
nodes have similar degrees as the original network) 

6. Compare the formation of communities and modularity values the for both 
networks 

7. Define communities based on CPM. Do the formation of communities from 
modularity-based and non-modularity based methods overlap?
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https://snap.stanford.edu/data/egonets-Facebook.html


Overlapping community detection
• Idea: Allow nodes to simultaneously belong to several groups  

• Evidence for hierarchical organization of large network 

• Contain hierarchically organized community structures

35Yong-Yeol Ahn, James P. Bagrow, and Sune Lehmann, “Link communities reveal 
multiscale complexity in networks,” Nature, vol. 466, no. 5, August, 2010.

• Example: Commonly associated English words



Overlapping community detection

• An individual node sees the communities it belongs to 

• Nodes tend to belong to multiple groups  

• Links exist for one dominant reason (social networks) 

• same family 

• work together
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links between  
co-workers links between  

family members

links between  
classmates

• share common interests  

• live in the same neighborhood

links between  
neighbors



Overlapping community detection
• Community: set of closely interrelated links  

• Places each link in a single context (community) 

• Each leaf of a dendrogram is a link from the original network 
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family members

group of neighbors

family neighbors

Nodes can occupy multiple leaves of the link dendrogram

• Extract link communities at multiple levels by cutting at various thresholds 

• Each brach represents link partition 



Link partitioning
• Idea:  

• partition link instead of nodes 

• discover groups of links with similar characteristics 

• Overlapping node: a node with edges belonging to more than one link partition
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eik ejk

node k

S(eik , ejk) =
|Ni \ Nj |
|Ni [ Nj |

• Hierarchical link clustering: 

• Given links eik and ejk (incident on node k) 

• Ni : Neighborhood of node i (itself included) 

• Edge similarity (Jaccard) between two edges:

• Dendrogram: cut at some threshold



Link partitioning
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S(eik , ejk) = S(ejk , eik) =
1

2

eik ejk

node k

eik ejk

node k

S(eik , ejk) = S(ejk , eik) =
1

6

S(eik , ejk) = S(ejk , eik) =
1

4

node knode k

S(eik , ejk) = S(ejk , eik) =
2

5



Link communities
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link similarity matrixnetwork with overlapping communities

1

3

2

4

6

5

9

8

7



Performance of various algorithms

Comparison of the output of each algorithm with the metadata: 

- Overlap coverage: how much overlap was discovered? 

- Community coverage: how much of the network was classified? 

- Overlap quality: how similar are overlapping nodes? 

- Community quality: how similar are the nodes in a community?

41Yong-Yeol Ahn, James P. Bagrow, and Sune Lehmann, “Link communities reveal 
multiscale complexity in networks,” Nature, vol. 466, no. 5, August, 2010.



Non-overlapping communities
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Non-overlapping vs. overlapping communities

Modularity Hierarchical link clustering (11 communities)
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Remarks
• Link partitioning 

• How does it compare to: 

• Modularity based approximations 

• Non-modularity based methods 

• Community: a set of closely interrelated links 

• Nodes belong to multiples groups 

• Links capture a well-defined relationship: two people… 

• are in the same family 

• work together  

• have common interests 

• Incorporates overlap while revealing hierarchical organization
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Remarks
• Link communities as fundamental blocks 

• Reveal overlapping  

• Hierarchical organization
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Key features (summary)
• Number of communities  

• Strength of communities  

• Overlap coverage 

• Community coverage
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Next
• Degree analytics 

• Centrality measures  

• Centrality distributions (degree)

47


