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Course review
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Schedule
PART 1: Graphs (4 weeks) 

• Basic definition 

• Paths and connectivity 

• Distance and breadth-first search 

• Statistical and non-statistical network 
properties (transitivity, community 
formation, homophily)  

PART 2: Game theory (6 weeks)  

• What is a game? 

• Reasoning about behavior in a game 

• Best responses and dominant 
strategies 

• Nash equilibrium 

• The Fundamental Theorem of game 
theory
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• Multiple equilibria: coordination games 

• Mixed Strategies: examples and empirical 
analysis  

• Pareto-optimality and social optimality 

PART 3: Applications of game theory  
(4 weeks) 

• Modeling network traffic 

• Auctions 

• Bargaining in social networks 

• Link analysis and web search 

• Multiple-item auctions 

• Sponsored search markets 

• Modeling the process of decentralized 
search 

• Voting



Framework
• Two or more individuals interact 

• Description of strategic interaction (game) 

• Strategic interaction: behavior of one person depends on that what person 
expects others to do 

• Include constraints on the actions that the players can take (graphs) 

• Goal: Gain insight into how incentives + structure affect the way people behave!
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Framework
• Tools for research 

• Theoretical foundations, mathematical tools, modeling, equilibrium notions  

Focus 

• Graph theory: model network structure 

• Game theory: model behavior where decisions affect each other’s behavior  

Related courses 

• Behavioral Game Theory 

• Information Networks
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Basic assumptions: 
1.decision-makers are rational  

i. consistent preferences  
ii. maximize utility 

2.take into account their knowledge or expectations of other 
decision-makers behavior



Framework
Systematic approach  

• Describe the outcomes that may emerge in a family of games (solutions) 

• Predict you opponents’ reaction to your behavior! 

Good news  

• Framework for thinking about strategic interaction  

• Provides a way to organize our thinking  

Bad news  

• It is the science of behavior, not the art 

• Knowing game theory does not guarantee winning (auctions)
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Network properties
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Degree distributions
1. regular 

2. random 

3. heavy-tailed 

• power-law 

• exponential
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From Yang-Yu Lui et al., Controllability of 
complex networks 



Small-world networks
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Transitivity or clustering
• Considerably higher than for random graphs 

• Measures density of triangles  

• Generalize to four and longer loops  

• Important in directed graphs  

feedback cycle of length 3 

reciprocity
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of edges
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distance 

scaling 
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av. local 
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Strong and weak ties
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Claim 
If a node A in a network 
satisfies the Strong Triadic 
Closure Property and is 
involved in at least two 
strong ties, then any local 
bridge it is involved in must 
be a weak tie.

Strong Triadic Closure 
We say that a node A violates the Strong 
Triadic Closure Property if it has strong 
ties to two other nodes B and C, and there 
is no edge at all (either a strong or weak 
tie) between B and C. We say that a node 
A satisfies the Strong Triadic Closure 
Property if it does not violate it.

David Easley and Jon Kleinberg. 
Networks, Crowds, and Markets: 
Reasoning about a Highly 
Connected World. Cambridge 
University Press, 2010.
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Cameron Marlow, Lee Byron, Tom Lento, and Itamar Rosenn. Maintained relationships on Facebook, 2009. 
On-line at http://overstated.net/2009/03/09/maintainedrelationships-on-facebook.



Other properties
• Homophily 

• Community structure 

• Positive and negative relationships 
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Weakly Balance Theorem 
If a labeled complete graph is weakly balanced, then its nodes can be  
divided into groups in such a way that every two nodes belonging to the  
same group are friends, and every two nodes belonging to different groups  
are enemies.

Idea: commonly observed network patterns help to understand interactions



Games
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Overview
• Extensive v. normal form games 

• Best responses and dominant strategies 

• Notion of Nash Equilibrium 

• Multiple Equilibria (coordination games) 

• Formalize Mixed Strategies  

• Formalize Nash Equilibrium 

• The Fundamental Theorem of game theory 

• Nash v. Pareto-Optimality 

• Evolutionary game theory (evolutionarily stable strategies)
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Example
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0

1.a Raise

raise

red

Meet

Meet
black 1.b

fold

Fold
Pass

Pass

2,-2

1,-1

-2,2

1,-1

1,-1

-1,1

2.a

2.a
P2

M P

P1

Rr 0,0 1,-1
Rf 0.5,-0.5 0,0
Fr -0.5,0.5 1,-1
Ff 0,0 0,0

⇡2(s) = 0

P2

s12 s22

P1

s11 0,0 1,-1
s21 0.5,-0.5 0,0
s31 -0.5,0.5 1,-1
s41 0,0 0,0

S1 = {Rr,Rf , F r, F f }

S2 = {M,P}

s = {Rr,M}

⇡1(s) = 0



Normal game form
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P = {1, . . . , n} : set of players

Si : possible strategies for player i

s = {s1, . . . , sn} : (pure) strategy profile of the game

S : set of strategy profiles

⇡i : S 7! R : payoff to player i when profile s is chosen by all players



Normal game form
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P = {1, . . . , n} : set of players

Si : possible strategies for player i

s = {s1, . . . , sn} : (pure) strategy profile of the game

S : set of strategy profiles

⇡i : S 7! R : payoff to player i when profile s is chosen by all players

s1i , . . . , ski : pure strategies for player i

�i = p1is1i + . . .+ pkiski : mixed strategy for player i

pj i : weight of strategy sj i on �i

� = (�1, . . . ,�n) : mixed strategy profile



⇡1(�) =
X

sj12S1

X

sj22S2

. . .
X

sjn2Sn

pj1pj2 . . . pjn⇡1(sj1, sj2, . . . , sjn)

Payoffs of mixed strategies
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s1i , . . . , ski : pure strategies for player i

�i = p1is1i + . . .+ pkiski : mixed strategy for player i

pj i : weight of strategy sj i on �i

� = (�1, . . . ,�n) : mixed strategy profile

Payoff for player 1



Remarks 

• Choosing Nash is at least as good as any other strategy 

• Best response to the strategies chosen by the other players

Definition (Nash): A strategy profile �⇤ = (�⇤1, . . . ,�
⇤
n) is a Nash equilibrium

if for every player i and every ⌧i 2 �Si

⇡i(�
⇤) � ⇡i(�⇤�i , ⌧i)
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Theorem (Nash): If each player in an n-player game has a finite number of 
pure strategies, then the game is a Nash equilibrium

Remarks 

• Nash equilibrium is not necessarily unique 

• Nash equilibrium may be a mixed strategy profile



Evolutionary game theory
• Genetically-determined characteristics are like strategies  

• Fitness is a result of interactions 

• An individual’s fitness is like its payoff
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Evolutionary forces
• Plays do not get to choose strategies 

• Example: genetically wired! 

• “what do I want my body size to be?” makes no sense! 

• Does Nash still make sense? 

Idea: look at how strategies operate over long time scales
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Evolutionarily stable strategies (ESS)
• Analogous notion to Nash 

• Nash:  

• No incentive to deviate given everyone’s choice of strategies  

• Tends to persist onces players are using it 

• ESS: A (genetically-determined strategy) that tends to persist once it is 
prevalent
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Definition (Pure Nash): A pure strategy profile s⇤ = (s⇤1 , . . . , s
⇤
n) 2 S

is a Nash equilibrium if for every player i and every ⌧j 2 Si

⇡i(s
⇤) � ⇡i(s⇤�j , ⌧j)



if ⇡1(s11, s12) = ⇡1(s21, s12) then ⇡1(s11, s22) > ⇡1(s21, s22)

if ⇡2(s11, s12) = ⇡2(s11, s22) then ⇡2(s21, s12) > ⇡2(s21, s22)
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or

Remarks 

• Strategy 1 is neutral with respect to the payoff against strategy 2 

• But the population of players who continue to play strategy 1 have an advantage 
when playing against strategy 2

strict pure Nash

Definition (ESS): Let s⇤ = (s⇤1 , s
⇤
2) = s11, s12. A strategy profile s⇤ is an ESS if

⇡1(s11, s12) > ⇡1(s21, s12)

⇡2(s11, s12) > ⇡2(s11, s22)

Maynard Smith's  
condition



Applications
• Modeling network traffic 

• Auctions 

• Bargaining in social networks 

• Link analysis and web search 

• Multiple-item auctions 

• Sponsored search markets 

Common assumptions 

• Decisions based on payoff of players 

Common questions:  

• Does an equilibrium exist? 

• What are the properties of that equilibrium?
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Applications
• Modeling network traffic (Nash at most 2x Pareto optimum) 

• Auctions (bid true value) 

• Bargaining in social networks (stable and balanced outcome - outside option) 

• Link analysis and web search 

• Multiple-item auctions (bid true value) 

• Sponsored search markets (bid true value) 

Common assumptions 

• Decisions based on payoff of players 

Common questions:  

• Does an equilibrium exist? 

• What are the properties of that equilibrium?
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