Lecture 16

- why the frequency domain? -
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Review

« Transfer functions

« Realization of transfer functions



Today

Root locus
Frequency response (Bode plot)

Block diagram algebra for interconnected systems
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Feedback can stabilize an equilibrium point






System: a

Gain: 3.05

. Pole: -0.0285 + 2.47i

. Damping: 0.0115

¢ Overshoot (%6): 96 .4
Frequency (rad&ec): 2.

¢ System: a

¢ Gain: 3.04

Pole: -0.0205 - 2 46i

; Damping: 0.00831
Owvershoot (%%): 97 4
Frequency (radsec): 2.
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/ero-Pole Diagram

t -1 pole Is marked with a
cross, and each zero
with a circle

(b) Pole zero diagram for Hyy

A Im
+ 1
Re
_ + *—O ¥* O -
p i -4 -2 | 2 4
(a) Cart—pendulum system (c) Pole zero diagram for H,
Ho — mls
o= (M, J, — m212)s* + (y M; + ¢J;)s? + (cy — M;mgl)s — mglc’
Ho.— Jis* +ys —mgl
PE= (M, J, — m212)s* + (y M, + ¢J))s? + (cy — M,mgl)s? — mglcs’
mgiM, mgl
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Control System

= F(5) —»@——- C(s) —»@—» P(s) —>@»——>

e=Fr—y. y=n+n, n= P(d+u),
e = Gegr + Gepn + Gegd,

PCF F =1
Gyr= . Ger= ) Gen= s
1+ PC 1+ PC 1+ PC
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u=~Ce.




Block Diagrams and Transfer Functions
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Block Algebra
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Block Algebra
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Popular:easy to sketch + interpret, covers the behavior over a wide frequency

range (log scale)

The frequency response of a linear system can be computed from its transfer
function by setting s=iw

T

u(t) = €' = cos(wt) + i sin(wt).
h y(t) = G(iw)e'™ = Mt

Gain

M = |G(iw)|

Phase

¢ = arctan

Im G (iw)

Re G(iw)

The Bode Plot

ZG(iw) [deg]

= M cos(wt + ¢) + i M sin(wt + ¢),

Actual
~ = ~ Approx |

10° 10
Frequency w [rad/s]

10



Sketching Bode Plots

Consider a rational function of the form

since

log |G (s)| = log |b1(s)| + log |b2(s)| — log|a;(s)| — log |az(s)]

we can compute the gain curve by simply adding and subtracting
gains.

Polynomials can be written as a product of terms, it suffices to
know sketches for

k, s, s+a, sz+2§’coos+a)(‘)2
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|G (iw)]

ZG(iw) [deg]

G(s) = sk

log |G(iw)| = klogw, ZG(iw) = 90k.

P |
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Asymptotic Approximation

a
G(s) = : ,
S +a : 0 fw<a
, 1 5 log|Glim) ~ 1, | o
log |G(iw)| =loga — — log (w” + a“), loga —logw ifw> a,
2 f .

180 o) 0 ifw <a/l0
/G(iw) = —— arctan —. LG(iw) ~ {—45 —45(ogw —loga) a/10 < w < 10a
T a .

L—9O if w > 10a.
2 T T T ]

N Exact ]
= — = ~ Approx -
S 100} ‘
S :

1072F .

— 0 .
(13} =
3 N 1
3 -90f
> - i
N _1g0}

a/100 a/10 a 10a 100a

Frequency w [rad/s]

(a) First-order system
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@
G(s) = ,
(5) s2+2als + w}
1

log |G (iw)| = 2log e — - log (0* +

180 2
/G i) = —— arctan —

T COO —

3
S
o
=,
3
<]
N

Asymptotic Approximation

log |G (iw)| ~ 1

2w§w2(2¢‘2 — 1)+ a)g),

ZG(iw) &~ 1

’0 if o < wyg
2logwy —2logw if @ > wy,

0 if 0 < wp

T T T

Exact

=TT
--3-

R

p

= = = Approx 1

E

-90

—-180

wo/100  wy/10 o 10wy
Frequency w [rad/s]

(b) Second-order system
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100wy
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|G (iw)]

ZG(iw) [deg]

Example

k(s + b)

G(s) =

(s + a)(s2 + 2 wos + @F)

— Exact
- = = Approx.

10
Frequency w [rad/s]
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Interpreting Bode Plots

Build an input/output model by
measuring the frequency response
and fitting a transfer function to it.

Spectrum analysis

/Zeros where the gain curve has local
minima
Poles where the gain curve has local

maxima

Relative damping ratios are adjusted
to give a good fit. Time delay is
adjusted to fit phase

G|

/G [deg]

10 F

: — Measured
[ = = = Model

—-180 |

=270

All

10

10° 10
Frequency f [Hz]

kaswiwi(s? 4 201018 + 0}) (s + 25048 + @F)e™ "

G(s) =
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Wiy (s2 + 20wy + 3)(s2 + 203w3s + @3) (5% + 205058 + 0F)



Next Class

Nyquist plots

Stability margins
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