Lecture 15

- why use transfer functions? -



Review

Stability

Definitions

Analysis
Reachability

Test for linear systems
Observability

Test for linear systems

Stabilization through state feedback
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Damped oscillator
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overdamped

critically damped

Damped oscillator

MAoz1(0) + 22(0) _ AMT 0) +x2(0) _,,
y(t) = 22 1)5)_)\2()6 at AL 1)5)_)\ (0) e
2 1 2 1

)\1 — —CWQ+MO\/C2 — 1, )\2 — —ng —WO\/CQ — 1

CIf (=1

y(t) = e=“°" (21(0) + (22(0) + woz1(0))2)

asymptotically stable as Iong
as

o >0



- If
=
O
o
&=
S
<
-
)
9
c
S
. |f then

Damped oscillator

defines the oscillation frequency

| I I I I | I I I I |
5 10 15

|
20



Performance (underdamped systems)

y(t) =
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Damped oscillator
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Today

Input/output transfer function of a linear system
Understand the relationships among

- state-space model

- frequency response (Bode plot)

- transfer function

Routh-Hurwitz stability criterion

Canonical form realizations



Transmission of exponential signals
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Derivation of the transfer function

d
—x=Ax+Bu, y =Cx + Du.

dt
u(t) = e* and assumethats # A1;(A),j=1,....n,

t !
x(t) = e x(0) +/ et BesT dr = 4" x(0) + eA‘/ eI-ATBdr.
0 0

x(t) = e x(0) + e (sI — A)"l(e(”"A)’ — I)B
= e (x(O) — (s — A)_lB) + (sI — A)"'Be*".

y(t) = Cx(t) + Du(?)

— Cet(x - A)‘IB) + (C(sl —A)'B+ D)e”,

transient response pure exponential response

If the system Is stable,

y(t) does not depend on z(0) Gyu(s) =C(s] — A 'B+D
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Damped oscillator
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Second-order linear system

d
d—f = Az + Bu
y=Cx
Gyu(s) =C(sI — A)~'B
B kwé
52 4 2¢wps + w?
S =0+ wi
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steady-state response to a step
function, we set s=0

u=1 - y =Gy, 0)u =k.

steady-state response to a sinusolid

. 1 - :
U = sinwt = 5 (ze"“” — ze'“”) ,

1

y=5 (iGy (—iw)e ™ —iGy,(iw)e'™).

2
kay

Giw) = T 2w + 2 = Mé'Y,
y = % (i(Me_ig)e_i‘“' - i(Meig)ei“”)
— M- % (ie71@+0) _ jgi(r+0))
= M sin(wt + 0)




Type ODE Transfer Function
1
Integrator y=u .
Differentiator y=1u )
1
First-order system y+4ay=u
s+a
: . 1
Double integrator y =u 2
Damped oscillator ¥ + 2{@wpy + @0y = u L
p Yy 0Y 0y = 2+ 2o + @2
k.
PID controller y=ku+ki+k [u k,+kss+ —
)
Time delay y(@) =u(t — 1) o715

14



Gains, poles and zeros

b(s) roots of b(s) are called the zeros

G(s)

~a(s)’  roots of a(’s) are called the poles

G,.(s) =C(sI — A)™'B+ D,

Should the pair of zeros lie directly upon the imaginary axis
the system does not respond at all to sinusoidal excitation at
that frequency:.
= response Is zero at the frequency of the zero

Poles of the transfer function are the
eigenvalues of the matrix A
= tf stable If all of its poles have negative real part
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Routh-Hurwitz Criterion

b(s) _
G(s) = —=, a(s) = ans" + an_15""t 4+ ...+ ais + ag
a(s)
n
S A, Qp—2 Ap—4
n—1 >§<
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Transfer function

A compact description of the input/output
Use tf to connect systems (block algebra)

Response of the system to an exponential input
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Routh-Hurwitz Criterion

b(s)
a(s)’

G(s) = a(s) = s* +8s° 4+ 185 4+ 165 + 5

Number of sign changes equals number of
roots In RHP

16 | 5
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Routh-Hurwitz Criterion

G(s) = Zg;, a(s) = 3s* + 105 + 5s* + bs + 2
3 (5 2 & 3 |5 2
10 | 5 g7 2 |1
7/2 | 2 e 7/2 | 2 2 poles in R
—1/7 st | |—1/7
2 sV 2
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—20

—21

24

— 60

— 63

Routh-Hurwitz Criterion

a(s) = s° + s* + 4s° + 245° + 35 + 63

63

Nothing can be said!
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Realization of a transfer function H(s)

A state space model (A, B, C, D) if its transfer function coincides with H(s):

C(sI — A)™'B+ D = H(s)

A transfer function H(s) is realizable if there exists a state space model (A, B, C,
D) with transfer function H(s)

H(s) is realizable = H(s) is rational and proper

G(s) = | rational, strictly proper
G(s) = = ational ~
(s) = = — rational, proper
-~ 3
1 3 —_— S i : V r
G(s) = = — rational, not proper
ﬂ-T 3 N E_S o 3 g
G(s) = 53 not rational
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Controllable canonical form realization

Suppose that H(s) can be expressed as

n—1
H(S) — 671—18 _|1 ° o _l_ 618 +50 _|_ d
S+ ap_1S" 4+ ... +Fa18 + o

Example:

4s + &
—2s + 10

—2(—2s+10) +8 + 20

—2s + 10
B 28
- 925+ 10
—14

— p— 2 | rational, strictly proper
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Controllable canonical form realization

The transfer function H(s) can be expressed as

n—1
H(S) — Bn—ls _I_ +615+50 —|—d
S+ 18" 4L L Fags + ag

=C(s;—A)'B+D

0 0 1 0 0 0
A = B = .
o 0 0 .. 0 1 0
\ 00— —n ..~y —y ) \ 1
C=( B B B i Bua P D=d
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verify:

C(S] — A)_lB

Example

s+ 2
s24+2s+1
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Always controllable!



Example
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Observable canonical form realization

The transfer function H(s) can be expressed as

n—1
H(S) _ 571—18 + ... +518+60 —I—d
s+ 18" 4L Fags + ag

= C(s;y—A)™'B+D

0 0 . 0 — /80 \
A = 0 1 0 — 9 B =
\ 0 0 ... 1 — 1 / \ /8?1—1 }
C = (00 ...0 1) D=d
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Next

Root locus

Bode plots
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