| ecture 9

- how to approximate around an equilibrium? -



Review: How to find a Lyapunov function?

 For linear systems x = Ax

. Let V(x) = x"Px

. V is positive definite <= P is a positive definite matrix (P > 0)

- Compute its derivative:

Q<O
|

= x"(ATP + PA)x

dVv _av dVv
dt  ox dx

Let Q=—-1€& R™"
Solve for PinQ = AP+ PA <0
Verify whether x"Px > 0 for all x # 0
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Resulting Lyapunov function
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Verify that P> 0



Theorem (Krasovskii-Lasalle). Let V : R” — R be a locally positive definite
function such that, on the compact set 2, = {x € R : V(x) < r}, we have
V(x) < 0. Define

S={xeQ, V() =0}

As t — o0, any trajectory starting inside €2, converges to the largest invariant
set inside S. That is, the w limit set of any such trajectory is contained inside
the largest infant set in S. In particular, iIf S contains no invariant set except the
equilibrium x. = 0, then the origin 1s asymptotical stable.
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Example

Consider the system

4

d [x .
- = g . k
dt | X2 —— SIN Xy ——X)

And the Lyapunov function

V(x) = §(1 — cosXxq) + lx2
£ RO
-mg sin 6

Then

F = mg V(X) — %Sinx1).(1 + X2X2

Define largest invariant set for —7 < x;, =60 <7
S = {(xq,Xy) : V(x) = 0} == does not contain any invariant set, except x =0

When does the derivative equals zero? If x, =0, then x, =0 and

4 O:—?sinx1 — x,;, =0

:—§X% = X2:O



Lyapunov theory (discrete-time version)

Theorem
Consider a nonlinear discrete-time system with dynamics x,,; = f(x,) and

equilibrium point x, = 0. Suppose there exists a smooth, positive definite
function V : R" — R such that

V(X 1) — V(x) < 0 and V(0) = 0

Then x, = 0 is (locally) asymptotically stable. DI 5 i3t PYCCKAH MATEMATHK




Today

- Linearization of a nonlinear system around an equilibrium point
- Stability of linear systems

- Lyapunov's Indirect Method

Next class

- Define reachability of a system

. Give test for reachability of linear systems

. Describe state feedback for linear systems



L inearization

Consider a single-input, single-output nonlinear system

dx
— = f(x, u), xeR"“uelR
dt

y = h(x, u), y e R
with an equilibrium point at x = x_, u = u,.

Define a new set of state variables z, input v and output w as:
Z=X—X,, V=U-—U, w=y—h(xe,ue)

The Jacobian linearization of the nonlinear system is

dz
— =Az+Bv, w=Cz+Dv
dt
where
of of oh oh
A=— . B=— , C=— , D= —
1) ou 18)4 ou

(¥e:te)



Example - vehicle steering dynamics (bicycle model)

0 : steering angle
o : angle of the velocity at

the center of mass

(relative the length axis)

The position of the vehicle is

given by (x, y) and the

overhead view of a vehicle Approximation by a single front _ _ _
with 4 wheels wheel and a single rear whee orientation (headlng) by 0

The nonlinear equations of motion for the system are given

- v cos(a(o) + 9)_
di y| = | vsin(a(o) + 0) ; a(d) = arctan ( 2 tin 5)
tle % tan &

where v, is the velocity of the rear wheel, a the stance from the rear wheels to the

center of mass, and b is the distance between the front and rear wheels.
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Example - vehicle steering dynamics (bicycle model)

Motion of the vehicle about a straight-line: \

y
0 = 6, with fixed velocity vy # O
set @ =0 = § =0 (steering wheel is straight)
Also implies a(6) =0
The motion in the xy direction is by definition not —
at equilibrium
| vcos(a) + )]
d |? -
Z 1yl = | vsin(a(o) + 0)
at 0] %tané

atano
a(o) = arctan < " )
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Example - vehicle steering dynamics (bicycle model)

Lateral deviation of the vehicle from a straight line:

0,=0
Vehicle driving along the x axis

Focus on the motion in the y and @ directions,
ignore x direction

Y

Let the state x = (x4,X%,) = (y,0) andy =6

The system can we rewritten in standard form:

| veosa®) +6)
_ _ d .
vV sin (a(u) + x2) o~ y| = | vsin(a(o) + 0)
f(x,u) = Vo 4 2 tan 5
—tanu i b |
L b —
B ) atanu atan &
a(u) = arctan - a(6) = arctan ( b )
h(x,u) = x;

The equilibrium of interest is given by

X =1(0,0)andu=0
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Original dynamics

f(x,u) =

Example - linearized model

Vv sin (a(u) + x2)

V

Linearized dynamics

of

A=—

1)

Original output

h(x,u) = x;

Linearized output

oh

C=—

OX

X
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X
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[1 O]

, a(u) = arctan <

atanu

)

dz
— = Az + Bw
dt
y = Cz + Dw



