
Lecture 6�
- how to apply stability result? -

1



Lyapunov’s theorem on stability
Let xe = 0 be an equilibrium point. Assume that there exists an open set D with  
xe ∈ D and a continuously differentiable function V : D → R  such that: 

2

1. V (0) = 0,

2. V (x) > 08x 2 D \ {0}, and

3.
@V

@x
(x)f (x)  0 8x 2 D

<latexit sha1_base64="F2wcKvvYWEYtL6zWFLo/L7iC4aw="></latexit><latexit sha1_base64="F2wcKvvYWEYtL6zWFLo/L7iC4aw="></latexit><latexit sha1_base64="F2wcKvvYWEYtL6zWFLo/L7iC4aw="></latexit><latexit sha1_base64="F2wcKvvYWEYtL6zWFLo/L7iC4aw="></latexit>

Then xe = 0 is a stable equilibrium.
<latexit sha1_base64="6dehjYtbnS5XdNLtaZMjoYzVRuE=">AAACKnicbVC7SgNBFJ2N7/UVtbQZjIJYLLtp1EII2FgqmESIIcxObrJDZmbXmbtiCPkHP8TaVr/BTmxt/Asnj8KoBwYO59zDvXPiTAqLYfjuFebmFxaXllf81bX1jc3i1nbNprnhUOWpTM1NzCxIoaGKAiXcZAaYiiXU4975yK/fg7Ei1dfYz6CpWFeLjuAMndQqHl0noOn+QwvoGQ33qbCUUYvM5Snc5UKK2IhcBb7vt4qlMAjHoH9JNCUlMsVlq/h12055rkAjl8zaRhRm2Bwwg4JLGPq3uYWM8R7rQsNRzRTY5mD8pyE9cEqbdlLjnkY6Vn8mBkxZ21exm1QME/vbG4n/eY0cOyfNgdBZjqD5ZFEnlxRTOiqItoUBjrLvCONGuFspT5hhHF2NM1u4ct10ExyOu4l+N/GX1MpBFAbRVblUOZ22tEx2yR45JBE5JhVyQS5JlXDySJ7JC3n1nrw37937mIwWvGlmh8zA+/wGrMSkqw==</latexit><latexit sha1_base64="6dehjYtbnS5XdNLtaZMjoYzVRuE=">AAACKnicbVC7SgNBFJ2N7/UVtbQZjIJYLLtp1EII2FgqmESIIcxObrJDZmbXmbtiCPkHP8TaVr/BTmxt/Asnj8KoBwYO59zDvXPiTAqLYfjuFebmFxaXllf81bX1jc3i1nbNprnhUOWpTM1NzCxIoaGKAiXcZAaYiiXU4975yK/fg7Ei1dfYz6CpWFeLjuAMndQqHl0noOn+QwvoGQ33qbCUUYvM5Snc5UKK2IhcBb7vt4qlMAjHoH9JNCUlMsVlq/h12055rkAjl8zaRhRm2Bwwg4JLGPq3uYWM8R7rQsNRzRTY5mD8pyE9cEqbdlLjnkY6Vn8mBkxZ21exm1QME/vbG4n/eY0cOyfNgdBZjqD5ZFEnlxRTOiqItoUBjrLvCONGuFspT5hhHF2NM1u4ct10ExyOu4l+N/GX1MpBFAbRVblUOZ22tEx2yR45JBE5JhVyQS5JlXDySJ7JC3n1nrw37937mIwWvGlmh8zA+/wGrMSkqw==</latexit><latexit sha1_base64="6dehjYtbnS5XdNLtaZMjoYzVRuE=">AAACKnicbVC7SgNBFJ2N7/UVtbQZjIJYLLtp1EII2FgqmESIIcxObrJDZmbXmbtiCPkHP8TaVr/BTmxt/Asnj8KoBwYO59zDvXPiTAqLYfjuFebmFxaXllf81bX1jc3i1nbNprnhUOWpTM1NzCxIoaGKAiXcZAaYiiXU4975yK/fg7Ei1dfYz6CpWFeLjuAMndQqHl0noOn+QwvoGQ33qbCUUYvM5Snc5UKK2IhcBb7vt4qlMAjHoH9JNCUlMsVlq/h12055rkAjl8zaRhRm2Bwwg4JLGPq3uYWM8R7rQsNRzRTY5mD8pyE9cEqbdlLjnkY6Vn8mBkxZ21exm1QME/vbG4n/eY0cOyfNgdBZjqD5ZFEnlxRTOiqItoUBjrLvCONGuFspT5hhHF2NM1u4ct10ExyOu4l+N/GX1MpBFAbRVblUOZ22tEx2yR45JBE5JhVyQS5JlXDySJ7JC3n1nrw37937mIwWvGlmh8zA+/wGrMSkqw==</latexit><latexit sha1_base64="6dehjYtbnS5XdNLtaZMjoYzVRuE=">AAACKnicbVC7SgNBFJ2N7/UVtbQZjIJYLLtp1EII2FgqmESIIcxObrJDZmbXmbtiCPkHP8TaVr/BTmxt/Asnj8KoBwYO59zDvXPiTAqLYfjuFebmFxaXllf81bX1jc3i1nbNprnhUOWpTM1NzCxIoaGKAiXcZAaYiiXU4975yK/fg7Ei1dfYz6CpWFeLjuAMndQqHl0noOn+QwvoGQ33qbCUUYvM5Snc5UKK2IhcBb7vt4qlMAjHoH9JNCUlMsVlq/h12055rkAjl8zaRhRm2Bwwg4JLGPq3uYWM8R7rQsNRzRTY5mD8pyE9cEqbdlLjnkY6Vn8mBkxZ21exm1QME/vbG4n/eY0cOyfNgdBZjqD5ZFEnlxRTOiqItoUBjrLvCONGuFspT5hhHF2NM1u4ct10ExyOu4l+N/GX1MpBFAbRVblUOZ22tEx2yR45JBE5JhVyQS5JlXDySJ7JC3n1nrw37937mIwWvGlmh8zA+/wGrMSkqw==</latexit>

Choose � > 0 such that B� 2 ⌦c2
<latexit sha1_base64="urrFpr2HUfS5eRtMh/6QDzLsBGI="></latexit><latexit sha1_base64="urrFpr2HUfS5eRtMh/6QDzLsBGI="></latexit><latexit sha1_base64="urrFpr2HUfS5eRtMh/6QDzLsBGI="></latexit><latexit sha1_base64="urrFpr2HUfS5eRtMh/6QDzLsBGI="></latexit>

Proof
Choose r1 2 (0, ") such that Br1 ✓ D.

<latexit sha1_base64="4azfZCKemnhkRaEgZzTBsJrSQ5M="></latexit><latexit sha1_base64="4azfZCKemnhkRaEgZzTBsJrSQ5M="></latexit><latexit sha1_base64="4azfZCKemnhkRaEgZzTBsJrSQ5M="></latexit><latexit sha1_base64="4azfZCKemnhkRaEgZzTBsJrSQ5M="></latexit>

Let c1 = minx2Sr1 V (x).
<latexit sha1_base64="QgJyYD/c7u5VshF54ERPJABF0y8="></latexit><latexit sha1_base64="QgJyYD/c7u5VshF54ERPJABF0y8="></latexit><latexit sha1_base64="QgJyYD/c7u5VshF54ERPJABF0y8="></latexit><latexit sha1_base64="QgJyYD/c7u5VshF54ERPJABF0y8="></latexit>

1

c2

Br = {x 2 Rn : |x | < r}
Sr = {x 2 Rn : |x | = r}
⌦r = {x 2 Rn : V (x) < r}

<latexit sha1_base64="QNxFzZQbfArQXPTGSsf40aRNTak="></latexit><latexit sha1_base64="QNxFzZQbfArQXPTGSsf40aRNTak="></latexit><latexit sha1_base64="QNxFzZQbfArQXPTGSsf40aRNTak="></latexit><latexit sha1_base64="QNxFzZQbfArQXPTGSsf40aRNTak="></latexit>

Choose c2 2 (0, c1).
<latexit sha1_base64="9wZZN+JF1VdAI6kss0uj963dPQE=">AAACGnicbVC7SgNBFJ31GeMraqfNYCJEkLCbRu0CaSwjmAckyzI7mc0OmccyMyuEEPBDrG31G+zE1sZP8C+cJFuYxAMXDufcy733hAmj2rjut7O2vrG5tZ3bye/u7R8cFo6OW1qmCpMmlkyqTog0YVSQpqGGkU6iCOIhI+1wWJ/67UeiNJXiwYwS4nM0EDSiGBkrBYXTeiylJrCEgyrsUQHL7hXEgXdZqgSFoltxZ4CrxMtIEWRoBIWfXl/ilBNhMENadz03Mf4YKUMxI5N8L9UkQXiIBqRrqUCcaH88+2ECL6zSh5FUtoSBM/XvxBhxrUc8tJ0cmVgve1PxP6+bmujGH1ORpIYIPF8UpQwaCaeBwD5VBBs2sgRhRe2tEMdIIWxsbAtbMA8VHcRmks/bbLzlJFZJq1rx3Ip3Xy3WbrOUcuAMnIMy8MA1qIE70ABNgMETeAGv4M15dt6dD+dz3rrmZDMnYAHO1y8pl54d</latexit><latexit sha1_base64="9wZZN+JF1VdAI6kss0uj963dPQE=">AAACGnicbVC7SgNBFJ31GeMraqfNYCJEkLCbRu0CaSwjmAckyzI7mc0OmccyMyuEEPBDrG31G+zE1sZP8C+cJFuYxAMXDufcy733hAmj2rjut7O2vrG5tZ3bye/u7R8cFo6OW1qmCpMmlkyqTog0YVSQpqGGkU6iCOIhI+1wWJ/67UeiNJXiwYwS4nM0EDSiGBkrBYXTeiylJrCEgyrsUQHL7hXEgXdZqgSFoltxZ4CrxMtIEWRoBIWfXl/ilBNhMENadz03Mf4YKUMxI5N8L9UkQXiIBqRrqUCcaH88+2ECL6zSh5FUtoSBM/XvxBhxrUc8tJ0cmVgve1PxP6+bmujGH1ORpIYIPF8UpQwaCaeBwD5VBBs2sgRhRe2tEMdIIWxsbAtbMA8VHcRmks/bbLzlJFZJq1rx3Ip3Xy3WbrOUcuAMnIMy8MA1qIE70ABNgMETeAGv4M15dt6dD+dz3rrmZDMnYAHO1y8pl54d</latexit><latexit sha1_base64="9wZZN+JF1VdAI6kss0uj963dPQE=">AAACGnicbVC7SgNBFJ31GeMraqfNYCJEkLCbRu0CaSwjmAckyzI7mc0OmccyMyuEEPBDrG31G+zE1sZP8C+cJFuYxAMXDufcy733hAmj2rjut7O2vrG5tZ3bye/u7R8cFo6OW1qmCpMmlkyqTog0YVSQpqGGkU6iCOIhI+1wWJ/67UeiNJXiwYwS4nM0EDSiGBkrBYXTeiylJrCEgyrsUQHL7hXEgXdZqgSFoltxZ4CrxMtIEWRoBIWfXl/ilBNhMENadz03Mf4YKUMxI5N8L9UkQXiIBqRrqUCcaH88+2ECL6zSh5FUtoSBM/XvxBhxrUc8tJ0cmVgve1PxP6+bmujGH1ORpIYIPF8UpQwaCaeBwD5VBBs2sgRhRe2tEMdIIWxsbAtbMA8VHcRmks/bbLzlJFZJq1rx3Ip3Xy3WbrOUcuAMnIMy8MA1qIE70ABNgMETeAGv4M15dt6dD+dz3rrmZDMnYAHO1y8pl54d</latexit><latexit sha1_base64="9wZZN+JF1VdAI6kss0uj963dPQE=">AAACGnicbVC7SgNBFJ31GeMraqfNYCJEkLCbRu0CaSwjmAckyzI7mc0OmccyMyuEEPBDrG31G+zE1sZP8C+cJFuYxAMXDufcy733hAmj2rjut7O2vrG5tZ3bye/u7R8cFo6OW1qmCpMmlkyqTog0YVSQpqGGkU6iCOIhI+1wWJ/67UeiNJXiwYwS4nM0EDSiGBkrBYXTeiylJrCEgyrsUQHL7hXEgXdZqgSFoltxZ4CrxMtIEWRoBIWfXl/ilBNhMENadz03Mf4YKUMxI5N8L9UkQXiIBqRrqUCcaH88+2ECL6zSh5FUtoSBM/XvxBhxrUc8tJ0cmVgve1PxP6+bmujGH1ORpIYIPF8UpQwaCaeBwD5VBBs2sgRhRe2tEMdIIWxsbAtbMA8VHcRmks/bbLzlJFZJq1rx3Ip3Xy3WbrOUcuAMnIMy8MA1qIE70ABNgMETeAGv4M15dt6dD+dz3rrmZDMnYAHO1y8pl54d</latexit>

invariant

Then ⌦c2 ✓ Br1 ✓ B".
<latexit sha1_base64="vISypvCNie+xk9Dqvs3N81eGs8A="></latexit><latexit sha1_base64="vISypvCNie+xk9Dqvs3N81eGs8A="></latexit><latexit sha1_base64="vISypvCNie+xk9Dqvs3N81eGs8A="></latexit><latexit sha1_base64="vISypvCNie+xk9Dqvs3N81eGs8A="></latexit>



Example
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Consider a mass-spring-damper system

m(1 + q2)q̈ + bq̇ + k0q + k1q
3 = u

<latexit sha1_base64="eb0Mi8VoffDa2mkL7i5iaC5pVp8="></latexit>

Let x1 = q and x2 = q̇
<latexit sha1_base64="u0G+DhVcikk8dI/Jiq31G/ofdQQ="></latexit>

Then
ẋ1 = x2

ẋ2 =
u � k0x1 � k1x31 � bx2

m(1 + x21 )
<latexit sha1_base64="4nLlEAEeOh8VShWnDQr5iHlErnc="></latexit>

V (x) =
1

2
(ė + ↵e)2

=
1

2
((ẋd � ẋ1) + ↵(xd � x1))2

=
1

2
((ẋd � x2) + ↵(xd � x1))2

<latexit sha1_base64="ixRNqkABjWrDy+bpqMcemXT9LLw="></latexit>

Consider the Lyapunov function candidate

Given the desired state qd = xd , define the error as e = qd - q = xd - x1



Exponential stability
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To prove exponential stability we need to guarantee that

V̇ (x) = �kV (x) for some k > 0
<latexit sha1_base64="VZbVkuaJvIJRIw60Svn160WoHE8="></latexit>

V̇ (x) =
@V

@e

de

dt
= (ė + ↵e)(ë + ↵ė)

<latexit sha1_base64="WcHQ9k0aJecXwMjRhzeu2k/kJtY="></latexit>

Computing the derivative of V.(x) we get

V (x) =
1

2
(ė + ↵e)2, we know that V̇ (x) = �kV (x) if

<latexit sha1_base64="CcBSvrmBZyfHf7mI8vSKBLTXcGs="></latexit>

Since

(ë + ↵ė) = �
k

2
(ė + ↵e)

<latexit sha1_base64="L4u4WzknvpvGmvLTrphhd+7YRt8="></latexit>

ẍd �
u � k0x1 � k1x31 � bx2

m(1 + x21 )
+ ↵(ẋd � x2) = �

k

2
(ẋd � x2 + ↵(xd � x1))

<latexit sha1_base64="DjSz9d8OriU+X/A6//+34+VdgeE="></latexit>

Substituting e = (xd � x1), ė = (ẋd � x2), and ë = ẍd � ẋ2
<latexit sha1_base64="yfEP+zRbwge9IUvLrXPM20N/pAs="></latexit>



Exponential stability
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where k > 0 and ↵ > 0 are tunable control parameters
<latexit sha1_base64="AZE2xmm+L0TncmvpGktLZz7al+c="></latexit>

Solving for u yields the control law

+bx2
<latexit sha1_base64="xE+dfH8lfeycMGk5VMqaQuX/RPQ="></latexit>

u = m(1 + x21 )

✓
k

2
(ẋd � x2 + ↵(xd � x1)) + ↵(ẋd � x2) + ẍd

◆
+ k0x1 + k1x

3
1

<latexit sha1_base64="YyFqe8Yj32fOoEklVnrHIBn/yTw="></latexit>

= m(1 + x21 )

✓
↵k

2
(xd � x1) + (↵+

k

2
)(ẋd � x2) + ẍd

◆
+ k0x1 + k1x

3
1 + bx2

<latexit sha1_base64="oLgjbgodSau+dRyq8bPXFWX/R1c="></latexit>

Remarks:

• The input u guarantees global exponential stability 

• Upon substitution into the time derivative yields

• This first order differential equation which has solution 

 

• The error and error rate exponentially decay to zero

V̇ = �kV (x)
<latexit sha1_base64="FKzcX5cBWOe+4jVBG41eXhEeZ4k="></latexit>

V = V (0)e�kt = (ė(0) + ↵e(0))e�kt = (ẋd � x2 + ↵(xd � x1))e�kt
<latexit sha1_base64="BbiLW7TDxz3qvxJusZTEmQnq6Fk="></latexit>


