
Lecture 4�
- is an equilibrium stable? -
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Stability of equilibrium points
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Stable (in the sense of Lyapunov)
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Equilibrium points represent stationary conditions for the dynamics

 

The equilibria of the system x = f(x) are the points xe such that f(xe) = 0.
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Stability of Equilibrium Points

An equilibrium point is:

Asymptotically stable if all 
nearby initial conditions con-
verge to the equilibrium point

! Equilibrium point is an attractor 

or sink

Unstable if some initial conditions 
diverge from the equilibrium point

! Equilibrium point is a source 

(or saddle)

Stable if initial conditions that 
start near the equilibrium point, 
stay near

! Equilibrium point is a center
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e.p. (equilibrium point) is a center

For every there exists a 
 such that:


If  then 
for every .

ε > 𝟢,
δ = δ(ε) > 𝟢

∥𝗑(𝟢) − 𝗑𝖾∥< δ,
∥𝗑(𝗍) − 𝗑𝖾∥< ε, 𝗍 ≥ 𝟢

If the condition is not satisfied,  
then the e.q. is unstable 
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Asymptotically Stable

4

There exists a  such that:


If  then 

δ > 𝟢

∥𝗑(𝟢) − 𝗑𝖾∥< δ, lim
𝗍→∞

∥𝗑(𝗍) − 𝗑𝖾∥= 𝟢

Lyapunov stable1.

2.

e.p. is an attractor or sink



Exponentially stable
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Any e.p. that is exponentially stable  
is also asymptotically stable.

↵kx(0)� xeke��t

There exists  such that:


If  then

α, β, δ > 𝟢

∥𝗑(𝟢) − 𝗑𝖾∥< δ, ∥𝗑(𝗍) − 𝗑𝖾∥≤ α∥𝗑(𝗍) − 𝗑𝖾∥𝖾−β𝗍,  for 𝗍 ≥ 𝟢

Asymptotically stable1.

2.



Pendulum with friction
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𝖽
𝖽𝗍 [𝗑𝟣

𝗑𝟤] = [
𝗑𝟤

− 𝗀
ℓ

sin 𝗑𝟣 − 𝗄
𝗆 𝗑𝟤]



Chaotic attractor
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Convergence by itself does not imply Stability

All trajectories converge to 
xe = 0 but xe is not stable

𝖽
𝖽𝗍 [𝗑𝟣

𝗑𝟤] = [𝗑𝟤
𝟣 − 𝗑𝟤

𝟤

𝟤𝗑𝟣𝗑𝟤 ]



8



9 Oct 06 R. M. Murray, Caltech CDS 7

Example #1: Double Inverted Pendulum

Stability of equilibria

! Eq #1 is stable

! Eq #3 is unstable

! Eq #2 and #4 are unstable, but 
with some stable “modes”

Two series coupled pendula

! States: pendulum angles (2), velocities (2)

! Dynamics: F = ma (balance of forces)

! Dynamics are very nonlinear

Eq #1 Eq #2

Eq #3 Eq #4
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Local versus Global Behavior

Stability is a local concept

! Equilibrium points define the local behavior of the dynamical system

! Single dynamical system can have stable and unstable equilibrium points

Region of attraction

! Set of initial conditions that converge to a given equilibrium point
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Local v. global behavior
• Stability is a local behavior


• define local behavior  of the system


• feature of each e.p.


• system can have stable and unstable e.p. 
 
 
 
 
 

• Region of attraction


• initial conditions that converge to e.p.


• local or global feature
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Key questions
• Do equilibrium states exist in the data? 


• Are equilibrium states unique?


• Are equilibrium states optimal?


• Are equilibrium states stable?
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