
Lecture 3�
- what are equilibria? -
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Review
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Modeling
• A simplified, quantified representation


• Dynamical system or process (driven by time)


• Answer questions via: 


• formal analysis


• simulation


• Driven by the rise of big data


• Good model = useful model
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continuous time

(differential equations) 

discrete time

(difference equation)

 Adapted from S. N. Sreenach et al., Modeling the dynamics of signaling pathways, Essays in Biochemestry, vol. 45, 2008.
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Dynamic modeling

deterministic  
stochastic

hybrid 
systems

discrete event 
systems

time-driven
event-driven



Central concept in modeling
• The state of the system! 


• Dynamic model: state, input, outputs, dynamics


• What it is:


• Independent quantities that determine future evolution


• What it does: 


• Captures effects of the past 
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Phase planes

CDS 110, 10 Oct 07 R. Murray, Caltech

ODEs can also be used to prove stability of a systems

• Try to reason about the long term behavior of all solutions

• Stability ! all solutions return to equilibrium point (more precise defn later)

Example: spring mass system

• Can we show that all solutions return 
to rest w/out explicitly solving ODE?

• Idea: look at how energy evolves in time

• Start by writing equations in state space form

• Compute energy and its derivative

• Energy is positive " x2 must eventually go to zero

• If x2  goes to zero, can show that x1 must also approach zero (Lasalle, W3)
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Analyzing Models Using ODEs: Stability
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Today: Dynamic Behavior (and Stability)

Goal #1: Stability

! Check if closed loop response is stable

Goal #2: Performance

! Look at how the closed loop system 
behaves, in a dynamic context

Goal #3: Robustness (later)

system input

control law

Sense
Vehicle Speed

Compute
Control “Law”

Actuate
Gas Pedal

Response 

depends on 

choice of control

(all are stable)

9 Oct 06 R. M. Murray, Caltech CDS 4

Phase Portraits (2D systems only)

Phase plane plots show 2D dynamics as vector fields & stream functions

! Plot f(x) as a vector on the plane; stream lines follow the flow of the arrows
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Phase Portraits (2D systems only)

Phase plane plots show 2D dynamics as vector fields & stream functions

! Plot f(x) as a vector on the plane; stream lines follow the flow of the arrows
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Today
• ODEs for (state space) modeling


• Linear v. nonlinear systems


• Equilibrium points


• Types of stability


• Local v. global properties


• Why care about stability?
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Linear v. nonlinear systems
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Differential equations

General form

First order  
Linear systems
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Linear systems
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General form
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Difference equations

xk+1 = Adxk + Bduk

yk = Cdxk

Continuous differential 
equations into discrete 
difference equations!
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ODE with derivative input

12

Consider
ẅ + 5ẇ + 6w = r̈ + ṙ + 2r

Let
u = r

x1 = w � �0u
x2 = ẇ � �1u � �0u̇

Then
ẋ1 = ẇ � �0u̇
= x2 + �1u

ẋ2 = ẅ � �1u̇ � �0ü
= �5ẇ � 6w + ü + u̇ + 2u � �1u̇ � �0ü

Letting �0 = 1, �1 = �4

ẋ2 = �5(ẇ � u̇)� 6w + 2u
= �5(x2 � u)� 6(x1 + u) + 2u
= �6x1 � 5x2 + 26u
= �5(x2 � 4u)� 6(x1 + u) + 2u
= �6x1 � 5x2 + 16u

<latexit sha1_base64="o9mNlB+adrWUl7Yl9JNA6Mipcxw="></latexit>



• Stability: closed-loop stable? 


• Performance: closed-loop behavior? 


• Robustness (later)
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Actuate

Compute 

SensePlant

xu

control lawplant input

9 Oct 06 R. M. Murray, Caltech CDS 3

Today: Dynamic Behavior (and Stability)

Goal #1: Stability

! Check if closed loop response is stable

Goal #2: Performance

! Look at how the closed loop system 
behaves, in a dynamic context

Goal #3: Robustness (later)

system input

control law

Sense
Vehicle Speed

Compute
Control “Law”

Actuate
Gas Pedal

Response 

depends on 

choice of control

(all are stable)

9 Oct 06 R. M. Murray, Caltech CDS 4

Phase Portraits (2D systems only)

Phase plane plots show 2D dynamics as vector fields & stream functions

! Plot f(x) as a vector on the plane; stream lines follow the flow of the arrows

-1 0 1
-1

-0.5

0

0.5

1

x
1

x
2

-1 0 1
-1

-0.5

0

0.5

1

x
1

x
2

phaseplot(‘dosc’, ...
  [-1 1 10], [-1 1 10], ...
  boxgrid([-1 1 10], [-1 1 10]));

Responses to stable controllers

·𝗑 = 𝖿(𝗑, 𝗎) 𝗎 = α(𝗑)

Actuate Plant Sense

ComputeCONTROL SCHEME

PROCESS
SY

ST
EM



Calling something a system does not make it  
stable, controllable, or even analyzable...
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Equilibrium points
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Example: Inverted pendulum
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Stationary conditions for the pendulum
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-2 0 2 4 6

-2

-1

0

1

2

x1

x 2

find states such that 

Given

No-friction case

·𝗑 = 𝖿(𝗑)

𝖿(𝗑𝖾) = 𝟢

𝖽
𝖽𝗍 [𝗑𝟣

𝗑𝟤] = [
𝗑𝟤

− 𝗀
ℓ

sin 𝗑𝟣]
𝗑𝖾 = [±𝗇π

𝟢 ]



Consider with an equilibrium 


Note that because


 

The equilibrium  of the new system  is 

·𝗑 = 𝖿(𝗑), 𝖿(𝗑𝖾) = 𝟢, 𝗑𝖾 ≠ 𝟢

𝗀(𝟢) = 𝖿(𝟢 + 𝗑𝖾) = 𝖿(𝗑𝖾) = 𝟢

𝗓𝖾
·𝗓 = 𝗀(𝗓) 𝗓𝖾 = 𝟢 .

We can always assume xe = 0

19

𝗓 = 𝗑 − 𝗑𝖾
·𝗓 = ·𝗑 = 𝖿(𝗑)

𝖿(𝗑) = 𝖿(𝗓 + 𝗑𝖾) := 𝗀(𝗓)



e.g.
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