
Lecture 20
- How to tune a PID based on empirical methods? - 



Review
• PID (proportional–integral–derivative controller)


• Basic properties


• PI implementation


• PD implementation


• PID implementation
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Today
• PID controller (3rd order )


• Empirical tuning methods
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P (s) =
1

s2 + 2s

<latexit sha1_base64="6ukhLTceZAHXMsJbYfSdrwQi9uA=">AAACLnicbZDLSgMxFIYz9VbrrepK3ASLUBHKTCloF0LBjcsK9gLtWDKZTBuauZCcEcsw+DRu1acRXIhbn0JMLwvb+kPg5z/n5HA+JxJcgWl+GJmV1bX1jexmbmt7Z3cvv3/QVGEsKWvQUISy7RDFBA9YAzgI1o4kI74jWMsZXo/rrQcmFQ+DOxhFzPZJP+AepwR01Msf1YvqDF/hricJTaw0UfdlfI7LKu3lC2bJnAgvG2tmCmimei//03VDGvssACqIUh3LjMBOiAROBUtz3VixiNAh6bOOtgHxmbKTyQkpPtWJi71Q6hcAnqR/JxLiKzXyHd3pExioxdo4/LcmmAfcfVxYD96lnfAgioEFdLrdiwWGEI8hYZdLRkGMtCFUcn0ApgOiCYFGOfc99R3J+wNIczkNzFrEs2ya5ZJVKVVvK4VadYYui47RCSoiC12gGrpBddRAFD2hZ/SCXo034934NL6mrRljNnOI5mR8/wJSK6el</latexit>

Problem
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Consider a system with the following system:

C(s) =
kds2 + kps + ki

s

<latexit sha1_base64="f473U+ftwJq3w1a3YNjg1NP6Kgw="></latexit>

X

<latexit sha1_base64="fDSvSS/0TmeL3yyDi3cvzqU/9N0=">AAACF3icbVDLSsNAFJ3UV42vapdugkUQhZKIou4KblxWMG2hDWUynTRDZ5IwcyOW0F9wq36CX6ErcevSnxEnbRe29cCFwzn3zp17/IQzBbb9bRSWlldW14rr5sbm1vZOaXevoeJUEuqSmMey5WNFOYuoCww4bSWSYuFz2vQH17nfvKdSsTi6g2FCPYH7EQsYwZBLHZWKbqliV+0xrEXiTEmldvJefj223Xq39NPpxSQVNALCsVJtx07Ay7AERjgdmZ1U0QSTAe7TtqYRFlR52fivI+tQKz0riKWuCKyx+nciw0KpofB1p8AQqnkvF//1OA2A9R7m1kNw6WUsSlKgEZlsD1JuQWzlaVg9JikBPtQEE8n0ARYJscQEdGYzzxPhS9YPYWSaOjBnPp5F0jitOmfV81ud3BWaoIj20QE6Qg66QDV0g+rIRQSF6BE9oWfjxXgzPozPSWvBmM6U0QyMr18lZKMk</latexit>

y

<latexit sha1_base64="EQB+9HFQqNcQpeFGyxgQaYn/uBw=">AAACFHicbVDJSgNBEO2JWxy3aI5eBoPgKcwERb0FvHhMwCyQhNDTqUma9Cx014jDkC/wqn6DH+FNvXjw7mf4A2JnOZjEBwWP96q6up4bCa7Qtr+MzMrq2vpGdtPc2t7Z3cvtH9RVGEsGNRaKUDZdqkDwAGrIUUAzkkB9V0DDHV6N/cYtSMXD4AaTCDo+7Qfc44yilqpJN1ewi/YE1jJxZqRQzn+/lT4az5Vu7qfdC1nsQ4BMUKVajh1hJ6USORMwMtuxgoiyIe1DS9OA+qA66eSjI+tYKz3LC6WuAK2J+ncipb5Sie/qTp/iQC16Y/FfT4CHvHe3sB69i07KgyhGCNh0uxcLC0NrHIXV4xIYikQTyiTXB1hsQCVlqAObe575ruT9AY5MUwfmLMazTOqlonNaPKvq5C7JFFlySI7ICXHIOSmTa1IhNcIIkHvyQB6NJ+PFeDXep60ZYzaTJ3MwPn8BzUijOw==</latexit>

r

<latexit sha1_base64="vQdojQfIolsttTHkijX6+HFcMA4=">AAACFHicbVDLSgNBEOyNrxhfUY9eFoPgKeyKop4MePGYgHlAEsLspDcZMvtgplcMIV/gVf0aD4J49e7PiJNNDiaxoKGo6p6eLi+WQpPjfFuZldW19Y3sZm5re2d3L79/UNNRojhWeSQj1fCYRilCrJIgiY1YIQs8iXVvcDvx6w+otIjCexrG2A5YLxS+4IyMVFGdfMEpOinsZeLOSOHmHVKUO/mfVjfiSYAhccm0brpOTO0RUyS4xHGulWiMGR+wHjYNDVmAuj1KPzq2T4zStf1ImQrJTtW/EyMWaD0MPNMZMOrrRW8i/utJ9El0HxfWk3/VHokwTghDPt3uJ9KmyJ5EYXeFQk5yaAjjSpgDbN5ninEygc09zwNPiV6fxrmcCcxdjGeZ1M6K7nnxouIUStfT5CALR3AMp+DCJZTgDspQBQ4IT/AML9ar9WZ9WJ/T1ow1mzmEOVhfvzH5oDA=</latexit>

P (s)

<latexit sha1_base64="Z2ym4vF4BSEEp///a8ioYzqldsA=">AAACGHicbVBNT8JAEN3iF9Yv1KOXjcQEL6Q1JMqNxItHTCyQQEO2yxY27LbN7tRIGn6DV/XXeDNevflnjAv0IOBLJnl5b2Zn5wWJ4Boc59sqbGxube8Ud+29/YPDo9LxSUvHqaLMo7GIVScgmgkeMQ84CNZJFCMyEKwdjG9nfvuRKc3j6AEmCfMlGUY85JSAkbxmRV/ifqnsVJ058Dpxc1JGOZr90k9vENNUsgioIFp3XScBPyMKOBVsavdSzRJCx2TIuoZGRDLtZ/PPTvGFUQY4jJWpCPBc/TuREan1RAamUxIY6VVvJv7rCRYCHzytrIfwxs94lKTAIrrYHqYCQ4xnceABV4yCmBhCqOLmAExHRBEKJrSl56kMFB+OYGrbJjB3NZ510rqqurVq/b5WbtTz6IroDJ2jCnLRNWqgO9REHqKIo2f0gl6tN+vd+rA+F60FK585RUuwvn4BjTygIw==</latexit>

C(s)

<latexit sha1_base64="vfSOZupu9bW+nL/P8QldY/jOaHE=">AAACGHicbVBNT8JAEN36ifUL9ehlIzHBC2kNiXIj4eIREwsk0JDtsoUN222zOzWSht/gVf013oxXb/4Z4wI9CPiSSV7em9nZeUEiuAbH+bY2Nre2d3YLe/b+weHRcfHktKXjVFHm0VjEqhMQzQSXzAMOgnUSxUgUCNYOxo2Z335kSvNYPsAkYX5EhpKHnBIwktco6yvcL5acijMHXiduTkooR7Nf/OkNYppGTAIVROuu6yTgZ0QBp4JN7V6qWULomAxZ11BJIqb9bP7ZKb40ygCHsTIlAc/VvxMZibSeRIHpjAiM9Ko3E//1BAuBD55W1kN462dcJikwSRfbw1RgiPEsDjzgilEQE0MIVdwcgOmIKELBhLb0PI0CxYcjmNq2CcxdjWedtK4rbrVSu6+W6rU8ugI6RxeojFx0g+roDjWRhyji6Bm9oFfrzXq3PqzPReuGlc+coSVYX793GKAW</latexit>

Design a PID controller such that:


• Overshoot percentage of 20%


• Ts = 1 second



PID controller 
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• Compute closed-loop transfer function

C(s)P (s)

1 + C(s)P (s)
=

kd s2+kps+ki
s

1
s2+2s

1 + kd s
2+kps+ki
s

1
s2+2s

=
kds2 + kps + ki

s(s2 + 2s) + (kds2 + kps + ki)

<latexit sha1_base64="qz7bYAWf61y4NMQxaAHYx3fda5Q="></latexit>

ess = lim
s!0


1�

C(s)P (s)

1 + C(s)P (s)

�

= lim
s!0


1�

k2d + kps + ki
s(s2 + 2s) + (kds2 + kps + ki)

�

= 1�
ki
ki
= 0

<latexit sha1_base64="SrEFwvu83obWHLzRp7k47hYw2Vg="></latexit>

• Steady state error (closed-loop)

� = s(s2 + 2s) + (kds
2 + kps + ki)

= s3 + (2 + kd)s
2 + kps + ki

<latexit sha1_base64="obR+ywU7uk7S/NTt8ukA6ptZezc="></latexit>

• Third order characteristic equation



PID controller 
• Consider a second order system


• Add a third pole


• Third pole further away from the imaginary axis 
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• Pole location for second order system

p1,2 = �
2⇣!0 ±

p
4⇣2!20 � 4!20
2

= �⇣!0 ± !0
p
⇣2 � 1

<latexit sha1_base64="S15eE3FgjhETfDCjrfXluVFnLIo="></latexit>

• Third pole at

p3 < �⇣!0

<latexit sha1_base64="T3Njfxjc5HEtoO7C/Lk4nnpoVik=">AAACKXicbVBNSwMxEM3Wr1q/6sfNS7AIXiy7WlDBQ8GLRwWrQndZsulsG5rsLsmsWEv/i1f113hTr/4PMa09aOuDgcd7M5nMizIpDLruu1OYmZ2bXygulpaWV1bXyusb1ybNNYcGT2WqbyNmQIoEGihQwm2mgalIwk3UPRv6N3egjUiTK+xlECjWTkQsOEMrheWtLDw8pfvUfwBkfqqgzUI3LFfcqjsCnSbemFTIGBdh+ctvpTxXkCCXzJim52YY9JlGwSUMSn5uIGO8y9rQtDRhCkzQH/1+QHet0qJxqm0lSEfq74k+U8b0VGQ7FcOOmfSG4r+ehBhF635iPcbHQV8kWY6Q8J/tcS4ppnSYD20JDRxlzxLGtbAHUN5hmnG0Kf55nqtIi3YHB6WSDcybjGeaXB9UvVr15LJWqZ+MoyuSbbJD9ohHjkidnJML0iCcPJBH8kSenRfn1XlzPn5aC854ZpP8gfP5DbFzpmU=</latexit>

Meet system specifications based on behavior of second order system



PID controller 
• Desired behavior of second order system
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!20
s2 + 2⇣!0s + !20

<latexit sha1_base64="Yblu9+9XhpFwRFTfan/iR90geJ8="></latexit>

Ts = 1 ⇡
4

⇣!0
=) ⇣!0 = 4

<latexit sha1_base64="IBNv58ahPreCE45jzip2/T5/66k="></latexit>

P.O. = 0.2 = 100e
� ⇣⇡p

1�⇣2

=) ⇣ = 0.89

<latexit sha1_base64="YDWB/Huvc2/hkDVlNPN4r6RaeRA="></latexit>

=) !0 = 4.5

<latexit sha1_base64="/6kLCU7WAkTiwfAH/jbpY9uWIkg="></latexit>

Settling time Percentage of overshoot

=
20.25

s3 + 18s2 + 100.25s + 202.5

<latexit sha1_base64="5PWroazng1dpBJ/NVbCLl9zIVGk="></latexit>

• Adding a third pole at p3 = 10−

!20
s2 + 2⇣!0s + !20

1

s � p3
=

20.25

s2 + 8s + 20.25

1

s + 10

<latexit sha1_base64="2YwRhXUUYNTN1kKuoOcs/DOVr/0="></latexit>

desired characteristic  
equation 



s3 + 18s2 + 100.25s + 202.5 = s3 + (2 + kd)s
2 + kps + ki

<latexit sha1_base64="XXwP1NmGj4YhRPM2hrc/PcbCGew="></latexit>

PID controller 
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�desired = �

<latexit sha1_base64="lVoPDoDVt8RU1BCIfehsf7iKxSA=">AAACNXicbZBNSwMxEIazftb6VfXoJVgET2VXBO1BKOjBYwVbC20p2exsG0x2l2RWWpa9+mu8qr/Fgzfx6j8Q01pBqwOBl/edyTCPn0hh0HWfnbn5hcWl5cJKcXVtfWOztLXdNHGqOTR4LGPd8pkBKSJooEAJrUQDU76Ea//mbJxf34I2Io6ucJRAV7F+JELBGVqrV6Kdc5DIellH+fEwC8AIDUGe09PvpFR2K+6k6F/hTUWZTKveK310gpinCiLkkhnT9twEuxnTKLiEvNhJDSSM37A+tK2MmALTzSaX5HTfOgENY21fhHTi/pzImDJmpHzbqRgOzGw2Nv/NJIQoguHMegxPupmIkhQh4l/bw1RSjOmYFQ0sC45yZAXjWtgDKB8wzThaor++58rXoj/AvFi0wLxZPH9F87DiHVWql0flWnWKrkB2yR45IB45JjVyQeqkQTi5I/fkgTw6T86L8+q8fbXOOdOZHfKrnPdPb82seA==</latexit>

kp = 100.25

kd = 18� 2 = 16
ki = 202.5

<latexit sha1_base64="4wtRa+UKGhNNv6+OUx/yz3xz0Ig="></latexit>

Controller gains



The time domain method
• Open loop unit step response of the process


• Steepest slope of the step response: a/τ  


• The parameter τ is an approximation of the time delay of the system
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Type kp Ti Td
P 1/a
PI 0.9/a 3⌧
PID 1.2/a 2⌧ 0.5⌧

<latexit sha1_base64="I4LJRgI2Pebji4+GgsIrhqA2esY="></latexit>

Parameters obtained by extensive 
simulation of a range of processes

kd = kpTd

<latexit sha1_base64="bPpIaPh8UvuBQjbfO0oimRDzMLM=">AAACHnicbVDLSsNAFJ3UV42vqks3g0VwVRIpaBdCwY3LCn1BG8JkMmmHTB7M3Igl9DPcql/jTtzqz4jTNgvbeuDC4Zx75849Xiq4Asv6Nkobm1vbO+Vdc2//4PCocnzSVUkmKevQRCSy7xHFBI9ZBzgI1k8lI5EnWM8L72Z+75FJxZO4DZOUOREZxTzglICWBqHr34Zuituu71aqVs2aA68TuyBVVKDlVn6GfkKziMVABVFqYFspODmRwKlgU3OYKZYSGpIRG2gak4gpJ59/eYovtOLjIJG6YsBz9e9ETiKlJpGnOyMCY7XqzcR/PcEC4P7TynoIbpycx2kGLKaL7UEmMCR4Fgr2uWQUxEQTQiXXB2A6JpJQ0NEtPU8jT/LRGKamqQOzV+NZJ92rml2vNR7q1WajiK6MztA5ukQ2ukZNdI9aqIMoStAzekGvxpvxbnwYn4vWklHMnKIlGF+/+MKjBw==</latexit>

ki =
kp
Ti

<latexit sha1_base64="7y+MTb+4J9yHvWNpRfPauF+oKRc=">AAACKHicbZDLSsNAFIYn9VbjLdqlm2ARXJVEBO1CKLhxWaE3aEOYTCbtkMmFmRMxhDyLW/Vp3Em3Pog4vSxs64GBn/8/Z87M56WcSbCsqVbZ2t7Z3avu6weHR8cnxulZTyaZILRLEp6IgYcl5SymXWDA6SAVFEcep30vfJjl/WcqJEviDuQpdSI8jlnACAZluUYtdNn9KBCYFKGblkXHZaVr1K2GNS9zU9hLUUfLarvGz8hPSBbRGAjHUg5tKwWnwAIY4bTUR5mkKSYhHtOhkjGOqHSK+eNL81I5vhkkQp0YzLn7d6LAkZR55KnOCMNErmcz89+M0wCY/7K2HoI7p2BxmgGNyWJ7kHETEnOGx/SZoAR4rgQmgqkPmGSCFR5QEFeuJ5En2HgCpa4rYPY6nk3Ru27YN43m00291Vyiq6JzdIGukI1uUQs9ojbqIoJy9Ire0Lv2oX1qX9p00VrRljM1tFLa9y9Bpada</latexit>

and

τ
 -a 

t

y



Frequency domain method
• Controller’s integral and derivative gains are set to zero


• Proportional gain is increased until the system starts to oscillate


• Critical value of kp = kc is observed together with the period of oscillation Tc
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ω=ωccritical point at ω = ωc = 2π/Tc

Type kp Ti Td
P 0.5kc
PI 0.4kc 0.8Tc
PID 0.6kc 0.5Tc 0.125Tc

<latexit sha1_base64="FM7oqnuZRJsq4kvPzxE40A8ZeoM="></latexit>

Ziegler–Nichols method


