- Lecture 14 -
A model of corruption




Review
- Modal logic of knowledge

« Formalize extensive form CKR

« CKR — backward induction
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Review

- Modal logic of knowledge

« Formalize extensive form CKR

« CKR — backward induction

Forma
individua

ize what it means to say an
knows a fact about the world

|
extensive form game
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Self-evident events

- If the agent knows E at each state w € E

KE = E

(-

Pw C E for every w €
« Minimal self-evident events

- Coincide with cells of the partition P

Monday, May 30, 2011



Hat puzzle
« Red or white hats

- State of nature w corresponds to the color of each
person's hat

- What players could know at the outset?

141

States of the world

w1 w2 W3 wi4 W5 W6 Wr WY

o

"\

Player | 2 r r W W Tr T W W

/
\

o
=
=
=
=
=
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Hat puzzle

« O = {wi, w2, w3, wi, ws, we, wr, W8}

* Pi= {{0)1, w5}>{a)27 w6}7{a)37 607},{6()4, wS}}
* Po= {{(Ul, w3}7{w27 6()4},{6()5, w7}7{w6> wS}}

* = {{wla wQ}v{an w4}7{w57 wﬁ}v{w7? wS}}

A

/(‘ﬂ

S_A_ ]
/

\79\2

States of the world

w1 w2 W3 W4 W5 We W7 W8
1 r T T r W W W W
Player | 2 r r W W Tr T W W
3 r W r W I W I W
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Hat puzzle

« O = {wi, w2, w3, wi, ws, we, wr, W8}

* Pr= 1w, wsp{an, wep{ws, wipfws, wspf
* Po={{wi, wst,{awn, wif{ws, wrf{ws, ws}}
* Py={{w1, w2}, {ws, waf,{ws, wep,{wr, ws}}
 Actual state of the world is ws:
» Agent 1 considers the possible states Pwi= {wi, ws}
« Agent 1 knows that the actual state is:

w1 = {r, 1, T}, oOr

¢ ws = {w, r, 1}
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Hat puzzle

« O = {wi, w2, w3, wi, ws, we, wr, W8}

* Pi={w, wsp w2, wef{ws, wit{ws, wst}

* Po={{w1, wsp,{wn, wi},{ws, wr},{ws, ws}}

* Py={{w1, w2}, {ws, waf,{ws, wep,{wr, ws}}
 Actual state of the world is «w:

» Agent 1 considers the possible states Pwi= {wi, ws}
« Agent 1 knows that the actual state is:

* w = {r, I, 1}, Or cannot distinguish

o w5 = {w,r, 1} between the two!
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Knowledge

- Player ¢ knows her hat color only if the color is the same in
all states of nature w which agent 7 regards as possible

- At state w1 does player 1 know her hat color is red?

* No! w1 = {r, r, r} or ws = {w, r, r}
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Knowledge

Player ¢ knows her hat color only if the color is the same in
all states of nature w which agent 7 regards as possible

At state w; does player 1 know her hat color is red?

* No! w1 = {r, r, r} or ws = {w, r, r}

Formally,
- E={w1, w2, w3, ws}
- KiE={w:Piw CcE} # E

- Piowr = {w1, ws} € E for some w € E
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State space as the vertices

- Three coordinates: ith coordinate represents the hat color
of ¢th player

+ Represent r as 1 and w as 0

-----------------

player 3

< WWT

player 2
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State space as the vertices

States of the world

Connect two vertices with W W w3 w1 W5 W W7 O3
an edge if they lie in the I ™ .
same information
] | .. 2 r r W W r r W W
cell in agent ¢'s partition...
3 r W r W I W r W
—{ w1, ws} € Pr—
1 1 1

I''ww I'wr I''ww Irwr I'ww Ir'wr

ITW ITw . Irr

WWW ! T WWT

WI'W WIT WI'W WIT / WI'W WIT
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State space as the vertices

- A player 7 knows her hat color at a state if and only if the
state is not connected by one of i's edges to another state

in which 7 has a different hat color.

- Evolution of knowledge...?

I''ww I'wr I'ww Irwr

I'TW ITw .

I''ww

rrr

Ir'wr

WWW !

WI'W WIT WI'W WIT / WI'W

10

WIT

T WWT
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“At least one red hat in the room”

11




Player 1

Drop all the edges leading out of the state www

» Pi1: “l do now know my hat color”

P1 at an undistinguishable state

The state w cannot be {www, rww} = {ws, ws}

distinguishable state

I''ww I'wr I''ww Irwr I'ww Ir'wr

ITW ITw . Irr

WI'W WIT WI'W WIT / WI'W WIT

12
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Player 2

- drop all the edges leading out of the state www
- P2: “I do now know my hat color” (undistinguishable state)

+ Then w ¢ {www, rww, rrw, wrw} = {w2, w4, we, ws}

I''ww I'wr I''ww Irwr I'ww Ir'wr

ITW ITw . Irr

WI'W WIT WI'W WIT / WI'W WIT

13

Monday, May 30, 2011



Player 3

drop all the edges leading out of the state www

- P2: “I do now know my hat color” (undistinguishable state)

+ Then w ¢ {www, rww, rrw, wrw} = {w2, w4, we, ws}

- So w € {wi, ws, ws, wr}

1
ITWW I'wWT
e
ITW Irr
WWW WWTI
WI'W WIT

Irwr

14

1
I'wWww I'Wr
--------------- R
ITW . 19 :
REEEEELEEE RELEEEREEE o E
: ; o
WWW !  WWT
_____________________ ‘
WI'wW WIT
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Knowledge

1
. E:{w1, w3, Ws, 0)7} TWW ST
- Ks3BE = {an, w3, Ws, a)7} — B
Tw ITT E
- Psw C E for every w € E 5 - ',iWWI,
- Player 3 knows her hat color! < &
WI'W WIT
- Self-evident event 2
States of the world
w1 a2 w3 du ws W w7 AR
1 r ] r r W W W W
2 r ] w oW T ] wowW
3 r w r W Tr W I W
15
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Knowledge 1

E:{O()17 w3, s, O()?} ww . o
KSE — {6()1, 3, 5, O()7} — E
ITW‘{ ________________ I‘rr.
Psw C E for every w € E ’ S
WWW - WWTI
Player 3 knows her hat color! o 1%
WI'wW WIT

Self-evident event 2

States of the world

1 ) w3 4 5 w6 w7 8

1 r ] r ] A7 AN v AR v VAR | v
2 r ] W W Ir ] W W
3 I W r W r W r A%

Sequence of the players’ responses matters!
15
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Key questions

- Bayesian rationality for extensive form games?

- Common knowledge of rationality (CKR)?

16
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Bayesian rationality

- If every node v at which player ¢ chooses and
for every strategy t; € S;

R, C - Kj{w € Q| 7/ (s/t;) > 7/ (s)}

- Player 7 does not know that there is a better strategy than
si(w) at state w

17
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Bayesian rationality

- If every node v at which player ¢ chooses and
for every strategy t; € S;

R, C - Kj{w € Q| 7/ (s/t;) > 7/ (s)}

- Player 7 does not know that there is a better strategy than
si(w) at state w

- Weaker than for normal form game:
Requires agents have subjective priors

Maximize utility subject to these priors

17
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Bayesian rationality

If every node v at which player ¢ chooses and
for every strategy t; € S;

R, C - Kj{w € Q| 7/ (s/t;) > 7/ (s)}

- Player 7 does not know that there is a better strategy than
si(w) at state w

Weaker than for normal form game:
Requires agents have subjective priors

Maximize utility subject to these priors

CKR: The event R;is common to all players

17
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Backward induction
+ Let b be the unique backward induction path

- The event that bY is chosen
I"={weQ|s’(w)=0"}

« The event that backward induction is chosen: I =nN,I"

entrant opens
manufacturing

entrant enters
cement business

incumbent
maintains

b

10, 30 10, 25 5,5 15, 10
18

iIncumbent

expands L.
malintains

Monday, May 30, 2011



Review
Theorem 5.1 - CKR ¢ 1.

19
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Review
Theorem 5.1 - CKR ¢ 1.

Does not claim agents will always play
subgame perfect Nash

19
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Review
Theorem 5.1 - CKR ¢ 1.

Does not claim agents will always play
subgame perfect Nash

entrant opens
manufacturing

entrant enters
cement business

incumbent
maintains

iIncumbent

expands L.
malintains

10, 30 10, 25 9, O 15, 10
19
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Review
Theorem 5.1 - CKR ¢ 1.

Does not claim agents will always play

subgame perfect Nash

entrant opens
manufacturing

entrant enters
cement business

incumbent
maintains

iIncumbent

expands L.
malintains

10, 30 10, 25 9, O 15, 10
19

CKR cannot be
prevalent at this node

(or any subsequent

node)
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Today

- A model of reputation
- Honesty and corruption

« Social norms

20
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World Development, Vol. 10, No. 8, pp. 677-687, 1982.

Underdevelopment and the Economics of Corruption:
A Game Theory Approach

JOHN MACRAE*

Summary. - Previous attempts to treat corruption arc surveyed critically. A game theory
approach is preferred on the grounds that it can most effectively explain the basis for decisions
of reasonable men to be corrupt. A simple model is presented showing how bribery might be a
dominant strategy. A prisoner’s dilemma type of situation emerges with the added complication
that the judge and jailer may be corrupt. Other conclusions arc that one official will not accept
bribes from more than one firm. It is impossible to predict which firm will win the contract. No
obvious solution emerges and legal remedies are discounted. This paper then reviews the
principal general equilibrium effects and concludes that their likely effect on economic
development is negative.

21
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Methodology

Economic analysis of corruption

Game theory useful?

Assumptions

regarding rival behavior

Implications (testable?)

policy proposal

Validation

- data/technology

22
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Methodology

Economic analysis of corruption

G th ful? i
ame theory useru 1.Value of analytical

Assumptions treatment?

regarding rival behavior 2.Quantifiable variables
make sense?

Implications (testable?)

policy proposal 3.Foster critical
L thinking skills?
- Validation IS =Hs
- data/technology 4.Guide experimental
design?

22
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Focus
- Bribing by oligopolistic firms

- Contract tendering

23
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Corrupt behavior

- Arrangement between two parties (exchange)
« Influence the allocation of resources

- Abuse of public responsibility for public gain

24
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Corrupt behavior

Arrangement between two parties (exchange)

Influence the allocation of resources

Abuse of public responsibility for public gain

Expectation of net gain

24
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Corrupt behavior

Arrangement between two parties (exchange)

Influence the allocation of resources

Abuse of public responsibility for public gain

Expectation of net gain

Counterpart - political patronage, tutelage, etc.

Underlying problems
queues
greed for monopoly profits

inefficiencies

24
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Key questions

- Role of assumptions about behavior of others play?
- demander (official)
- supplier (firm)

- Do all firms have an interest in being corrupt? (d)

- |Is there a limit to the amount of corruption? (d+s)
- Role of legal sanctions? (d+s)

- Who ultimately pays for the cost of the arrangement?

25
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Key questions

Role of assumptions about behavior of others play?
- demander (official)

- supplier (firm)

Do all firms have an interest in being corrupt? (d)

s there a limit to the amount of corruption? (d+s)

Role of legal sanctions? (d+s)

Who ultimately pays for the cost of the arrangement?

What is the joint bases for corrupt decisions?

25
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Prices for arrangements

Level of arrangement (grand v. petty)

Degree of risk of being caught + attitude

Potential offers by rivals

Official settlement costs

26
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Prices for arrangements

Level of arrangement (grand v. petty)

Degree of risk of being caught + attitude

Potential offers by rivals

Official settlement costs

Behavior determined by marginal utilities!

26
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A simple model of corruption

Official (s)
“Special characteristics
cancel out”
O
Firm A (d) Firm B (d)

- N firms in total, project worth P

27
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A simple model of corruption

Official (s)
“Special characteristics
cancel out”
O
Firm A (d) Firm B (d)

- N firms in total, project worth P

- Corruption-free - p = 1/ N getting the contract

27
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A simple model of corruption

Official (s)
“Special characteristics
cancel out”
O
Firm A (d) Firm B (d)

- N firms in total, project worth P

- Corruption-free - p = 1/ N getting the contract

- Corruption arrangement - enhance the probability p of A
» Capacity to enhance outcome -0 <a <1

- Successful bribe - p" = p + a(1 - p)

27
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...iIf others are corrupt too...

28
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A simple model of corruption

Official
O
Firm A Firm B Firm C
]_ _
Py =p+ ! 5 )

29
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A simple model of corruption

Official
O
Firm A Firm B Firm C
]_ _
Py =p+ ! 5 P)
!

maximum premium
official can offer

r Ia(l—p)
Po =P+ 1

29
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A simple model of corruption

Official
O
Firm A Firm B Firm C «<—— “innocent rival”
p=p+atlL pr=1- (N - D
1 1 a(N-1)
maximum premium N N
official can offer .
/!
/ a(l —p) p >O’a<N
— — 1
Py =P N _ 1

29
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Uncertainty

- Who else is also corrupt?
- 1z : portion of rivals that are corrupt

« Firm A does not know z

30
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Uncertainty

Who else is also corrupt?

z : portion of rivals that are corrupt

- Firm A does not know z
- FY7: Expected payoff if corrupt
c : arrangement price

e.g., related to arrangement premium a

30
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Uncertainty

Who else is also corrupt?

z : portion of rivals that are corrupt

Firm A does not know 2z

- FY7: Expected payoff if corrupt
c : arrangement price
- e.g., related to arrangement premium a
- FY5: Expected payoff if non-corrupt
d : cost of being honest
- e.g., delays and difficulties in formalities

In general, d # ¢

30
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Legal sanctions

Monetary sanctions on firms

Proportionality factor v

Fine ' = vP

Probability of being actually imposed py

31
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Legal sanctions

- Monetary sanctions on firms

- Proportionality factor v

* Fine ' = vP

- Probability of being actually imposed py

- Expected value of a fine:

pfF — pf|cUP +pf|ncvp

31
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Legal sanctions

Monetary sanctions on firms

Proportionality factor v

Fine ' = vP

Probability of being actually imposed py

Expected value of a fine:

pfF — pf|cUP +pf|ncvp

/N

prgiven that all rivals are Pfgiven innocent rivals
also involved in bribing

31
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Legal sanctions

Pflc Pflnc

“everyone-does-it" “no-one-does-it”

T 1 T 1

portion of corrupt rivals x portion of innocent rivals 1 - z

32
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Legal sanctions

piF =pirevP + pos(l —x)vP

Pflc Pflnc

“everyone-does-it" “no-one-does-it”

T 1 T 1

portion of corrupt rivals x portion of innocent rivals 1 - z

32
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Expected net incomes

EY: =pzP+p' (1 —xz)P —psF —c : corrupt
EY; =p"2P +p(l —2)P —d : non-corrupt

33
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Expected net incomes

EY: =pzP+p' (1 —xz)P —psF —c : corrupt
EY; =p"2P +p(l —2)P —d : non-corrupt

EYy =pzP+p'(1 —x)P — p1fxvP — pas(1 — z)vP — ¢
EYs, =p"2P +p(l—2)P —¢c, c=d

33
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Expected net incomes

EY: =pzP+p' (1 —xz)P —psF —c : corrupt
EY; =p"2P +p(l —2)P —d : non-corrupt

EYy =pzP+p'(1 —x)P — p1fxvP — pas(1 — z)vP — ¢
EYs, =p"2P +p(l—2)P —¢c, c=d

: 1/7 YZ/] E/:Elfi_l_c

:377 1 — ZE]
(p—wvp1s)P PP
(p" —vpay)P pP
Y = XA

oo =
|

33
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« Llet N=6, P=10, a = —

Example
1

10

34
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« Llet N=6, P=10, a = —

e Then,

p
'

//

p

Example

1
10
11
N 6
1
p+@(1—p)21
1 a(N-1)
N N B

34
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Example

1
+ Let N=6, P=10, a= —

10
e Then,
11
N 6
p'=p+a(l—p) =
, 1 a(N—-1) 5

p

- Uniform probabilities:

1 1
VPLF = —, UPof = —
P1f 207 P2 f 20
Probability of being fined equal when all rivals
are corrupt than rivals are innocent

34
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Example

(p—wvp1s)P p'P
(p' —vp2f) P pP

10 10 507
6 20 60

10 10 10

_ 4 20 6 -
s
o §) §)
|12 10
_ 6 6

35
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Example

(p—wvp1s)P p'P
(p" —vp2y)P pP

-10 10 507
|6 20 60
|10 10 10

_ 4 20 6 -

7 5
o §) §)
|12 10

_ 6 6
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Case scenario

+ 2 X non-corrupt, 2 x corrupt

- Firms A and B are undecided rivals

« What will A choose?

36
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Case scenario

2 X non-corrupt, 2 x corrupt

Firms A and B are undecided rivals

What will A choose?

. |f...
9 A 5 4
r— 2= then Y = |22
5 373
3 A 3 7
[ — Y: —_— _
T = then 26

36
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Case scenario

2 X non-corrupt, 2 x corrupt

Firms A and B are undecided rivals

What will A choose?

- |f...
_ 2 A
T =z then Y = 33
_ 3 (37
r=: then Y = 26
Firm B
C nc
2 38T
22136
Firm A
7 514 4
nel —, — | —. —
6313 3

36
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- If...

Firm A

nc

Ot O Do

then

then

Firm B

C

Case scenario

Y =

Y =

nc

RN I B \CR OV

Wl o DN W

L = | W] Ot

Wl |1

2 X non-corrupt, 2 x corrupt

Firms A and B are undecided rivals

What will A choose?

DO Lo Lo Ut
DT Wl
L ] 1 ]

Corruption is a dominant strategy!

36
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Resemble paradigmatic game?

37
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defect
P

COODP.

Prisoner's dilemma

defect  coop.
P, P T, S
S, T R, R

T>R>P>S_§

Firm B
c ne
s ss
272136
Firm A
7T 514 4
nel —. — | —. —
6 3|3 3

T>P>R>S8

38
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defect
P

COODP.

Prisoner's dilemma

defect COOP.
P, P T, S
S, T R, R

T>R>P>S_§

Firm A

nc

Firm B
3 3o T
2°2 13 6
7T 514 4
6 3| 3 3

- Better to defect when the other cooperates

- Corruption yields the highest outcome for both

38

T>P>R>S8
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Remarks

A— | (—vpip)P PP
(" —op2p)P PP

» Corruption dominant unless vpir quite high
- Problem p>p”, p’ >p"”

- Differentiate vp1s from wvpay

- Testable implications

- Model validation

- Role of engineering?

39
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Next class

Unification of the behavioral sciences

Role of game theory?

Behavioral game theory?

Research directions

40
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