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Final Review
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WE HAVE A PROBLEM!
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Air pollution

Guerrilla conflicts

Diseases

Education

Global Warming

Corruption

Malnutrition and Hunger

Sanitation and Water

Subsidies and Trade Barriers

Women and Development

0 7.5 15.0 22.5 30.0

Survey: Priorities among a series of proposals for 
confronting ten great challenges (grad students)
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Local solution?
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High-tech solutions?
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Technology is anything 
invented after you were born

Alan Kay
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Technology is anything 
that doesn't work yet 

Danny Hillis
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strategy
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1. Data about incentives

13

gather data to quantify influence within an institution

frequent questions:

• what are the sources of income?

• how have those sources changed?

• what policies does the institution use to police these 
sources of income?

• how careful are they enforced?
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1. Data about incentives

13

gather data to quantify influence within an institution

frequent questions:

• what are the sources of income?

• how have those sources changed?

• what policies does the institution use to police these 
sources of income?

• how careful are they enforced?

 use data to identify historical techniques 
e.g., to develop and sustain independence

map economy of influence

Monday, May 24, 2010



2. Data about perceptions
• track public perception → trust of the institution

• role in institution’s success

• private institutions

• public institutions

frequent questions:

• how does public trust of the FDA evolve? 
improved/weaken?

14
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2. Data about perceptions
• track public perception → trust of the institution

• role in institution’s success

• private institutions

• public institutions

frequent questions:

• how does public trust of the FDA evolve? 
improved/weaken?

14

use data to develop historical understanding 
of different perceptions

e.g., independence in attitudes 

map the relevant public
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3. Models of causation
measure causation

→ explore and capture economies of influence - hard!

frequent questions:

• how do influences affect the work product?

• how do influences affect public trust?

15
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3. Models of causation
measure causation

→ explore and capture economies of influence - hard!

frequent questions:

• how do influences affect the work product?

• how do influences affect public trust?

15

develop quantitative analysis of the 
independence of actors within an institution

Understand dependencies!!
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Network science
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Which vertex would proof 
most crucial?
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Which vertex would proof 
most crucial?
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Which vertex would proof 
most crucial?
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What percentage of vertices 
need to be removed to affect 

connectivity?
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What percentage of vertices 
need to be removed to affect 

connectivity?
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statistical properties of graphs
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Why study networks?

23

• Capture relationships / non-spatial interactions

• Understand structure and function

• Metrics exist that capture structure

• Structure or metrics can be related to important 
properties of the system or its behavior
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Network science modeling approach

24

1.Show how data on interaction in the real world 
can be translated into graphs

2.Predict the course of the process from its 
structure
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Real networks are not random!

25
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Real networks are not random!

25

1. Possible mechanisms guiding network formation

Monday, May 24, 2010



Real networks are not random!

25

1. Possible mechanisms guiding network formation
2. Ways to exploit structure to achieve certain aims
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Common network properties
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1.degree distribution
2. small-world effect
3. transitivity or clustering
4.network resilience
5.mixing patterns
6. degree correlation
7. community structure
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degree distribution

27

• Poisson
• Heavy-tailed

• power-law
• exponential

Monday, May 24, 2010



degree distribution

27

• Poisson
• Heavy-tailed

• power-law
• exponential
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small-world effect

28

Omaha

Boston

from Stanley Milgram, “The small world 
problem.” Phycoogy today, 1967
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small-world effect

28

Omaha

Boston

from Stanley Milgram, “The small world 
problem.” Phycoogy today, 1967

Most packages did not arrive = navigation issue ≠ small-world

� =
1

1
2n(n + 1)

�

i≥j

dij

geodesic distance
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• The vertex set (of an undirected graph) and the 
distance function form a metric space, if and only 
if the graph is connected.

• A metric on a vertex set is a function such that 
any x, y and z in N satisfy

1. non-negativity 
d(x, y) ≥ 0

2. indiscernible 
d(x, y) = 0 if and only if x=y 

3. symmetry 
d(x, y) = d(y, x)

4. triangle inequality
d(x, z) ≤ d(x, y) + d(y, z)
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Transitivity

30
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Transitivity

30

feedback

reciprocity

i

i

i
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Transitivity

30

C = 3
number of triangles

number of triples of vertices
=

3
8

Ci =
number of triangles connected to vertex i

number of triples centered on vertex i

C =
1
n

�

i

Ci =
13
30

Mean of the ratio

Ratio of the means

vs.

Tends to weight the contribution of 
low degree vertices more heavily

feedback

reciprocity

i

i

i
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Network resilience

31

“Resilience is the ability to provide and maintain an acceptable level 
of service in the face of faults and challenges to normal operation.”

Random and targeted attacks 
affect other properties:
- small-world
- giant component size

re
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fraction of vertices removed
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32

men

black

men
hispanic

men whitemen

other

womanwomanwomanwoman
black hispanic white other
506 32 69 26
23 308 114 38
26 46 599 68
10 14 47 32

E

Mixing patterns

men woman

men

black

men
hispanic

men whitemen

other

womanwomanwomanwoman
black hispanic white other
0.258 0.016 0.035 0.013
0.012 0.157 0.058 0.019
0.013 0.023 0.306 0.035
0.005 0.007 0.024 0.016

Q =
�

i P (i|i)− 1
N − 1

P (j|i) =
eij�
j eij

fraction of edges that connect 
to vertices in group i

0: randomly mixed network
1: perfectly assorted networkQ = 0.519

eij
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33

women

black

women
hispanic

women whitewomen

other

menmenmenmen
black hispanic white other
506 23 26 10
32 308 46 14
69 114 599 47
26 38 68 32

E

Mixing patterns

menwoman

women

black

women
hispanic

women whitewomen

other

menmenmenmen
black hispanic white other
0.258 0.012 0.013 0.005
0.016 0.157 0.023 0.007
0.035 0.058 0.306 0.024
0.013 0.019 0.035 0.016

eij

0: randomly mixed network
1: perfectly assorted networkQ = 0.527Q =

�
i P (i|i)− 1
N − 1

P (j|i) =
eij�
j eij

Each vertex type weighted equally!

Which one is correct?
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women

black

women
hispanic

women whitewomen

other

menmenmenmen
black hispanic white other
506 23 26 10
32 308 46 14
69 114 599 47
26 38 68 32

E

Mixing patterns

menwoman

women

black

women
hispanic

women whitewomen

other

menmenmenmen
black hispanic white other
0.258 0.012 0.013 0.005
0.016 0.157 0.023 0.007
0.035 0.058 0.306 0.024
0.013 0.019 0.035 0.016

eij

Q =
�

i P (i|i)− 1
N − 1

r =
tr(e)− ||e2||

1− ||e2||

fraction of edges that connect 
vertices of the same type
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34

women

black

women
hispanic

women whitewomen

other

menmenmenmen
black hispanic white other
506 23 26 10
32 308 46 14
69 114 599 47
26 38 68 32

E

Mixing patterns

menwoman

women

black

women
hispanic

women whitewomen

other

menmenmenmen
black hispanic white other
0.258 0.012 0.013 0.005
0.016 0.157 0.023 0.007
0.035 0.058 0.306 0.024
0.013 0.019 0.035 0.016

eij

scalar properties?

Q =
�

i P (i|i)− 1
N − 1

r =
tr(e)− ||e2||

1− ||e2||

fraction of edges that connect 
vertices of the same type
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Degree correlation (undirected)
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r =
1
σ2

q

�

jk

jk(ejk − qjqk)

σ2
q =

�

k

k2qk −
�
�

k

kqk

�2

qk =
(k + 1)pk+1�

j jpj
=

�

j

ejk

Pearson correlation:

35

Observable network:

r =
1
M

�
i jiki −

�
1
M

�
i

1
2 (ji + ki)

�2

1
M

�
i

1
2 (j2

i + k2
i )−

�
1
M

�
i

1
2 (ji + ki)

�2

ji, ki : degrees of the vertices at the end of the ith edge
i = 1, . . . ,M

-1≤r ≤1, indicates measure of linear dependency
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Community structure

36

Quantified using modularity
si=1 : vertex i belongs to group 1

si=-1 : vertex i belongs to group 2

1

2 3

1

2

Q =
1

4m

�

ij

�
Aij −

kikj

2m

�
sisj

m =
1
2

�

i

ki

expected number of edges 
for random graph

number of edges 
between i and j

total number of edges

merely 
conventional

Q>0 indicates positive presence of community structure
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Network models
1. Poisson random graph
2.Configuration model
3.Bipartite graphs
4.Strogatz-Watts (small-world)
5.Albert-Barabasi (scale-free)*
6. Price model*
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Poisson random graph

39

Poisson distribution (unlikely)

pk =
�

n

k

�
pk(1− p)n−k

≈ zke−z

k!
, z = p(n− 1)

Expected structure varies with the value of p

S=0 is the only solution for z<1

phase transition at z=1

S = 1− e−zS

< s > =
1

1− z + zS

Mean size + giant component
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mean number of neighbors within distance d:

40

d=1, l1=z1=4
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mean number of neighbors within distance d:

40

d=1, l1=z1=4

d=2, l2=z2=16
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mean number of neighbors within distance d:

40

d=1, l1=z1=4

d=2, l2=z2=16

d=3, l3=z3=64
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mean number of neighbors within distance d:

40

d=1, l1=z1=4

d=2, l2=z2=16

d=3, l3=z3=64

zl=n? l=logn/logz small world!
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- caveat - 
In almost all other respects, 

the properties of random networks 
do not match those of real world 

networks
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baseline
phase transition
giant component

42
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Configuration model

43

“degree sequence”

choose pairs of stubs at random

connect them

Random in all respects other than 
their generalized degree distribution
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Probability generating functions:

44

G0(x) =
∞�

k=0

pkxk

generates probability distribution of 
outgoing edges attached to a vertex

generates probability distribution 
of the degree of a node

G1(x) =
G�

0(x)
G�

0(1)
=

G�
0(x)
z
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Probability generating functions:

44

G0(x) =
∞�

k=0

pkxk

generates probability distribution of 
outgoing edges attached to a vertex

generates probability distribution 
of the degree of a node

G1(x) =
G�

0(x)
G�

0(1)
=

G�
0(x)
z

S = 1− e−zS

< s > =
1

1− z + zS

S = 1−G0(u), u = G1(u)

< s > = 1 +
G�

0(1)
1−G1(1)

generalize

Monday, May 24, 2010



45

from Random graphs with 
arbitrary degree distributions 
and their applications by 
Newman, Strogatz and Watts

discarding some 
informationlinks running only between 

vertices of unlike kind

Bipartite graphs
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Review
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• Generalized random graphs

• Bipartite graphs

address unrealistic degree distributions

generating function 
formalism
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In some cases random graphs with 
appropriate distributions  of vertex degree 

predict with surprising accuracy the 
behavior of the real worlds

47
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Strogatz-Watts (small world)

Rewire with probability p (n=20, z=4)

z≫ln(n) guarantees that the graph remains connected
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48

Strogatz-Watts (small world)

Rewire with probability p (n=20, z=4)

z≫ln(n) guarantees that the graph remains connected

highly clustered like a 
regular graph, 
yet with small 

characteristic path 
length
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normalized over 
regular lattice

n=1000, z=10, 20 random realizations

Collective dynamics of ‘small-world’ networks 
by Ducan J. Watts and Steven H Strogatz
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normalized over 
regular lattice

n=1000, z=10, 20 random realizations

Collective dynamics of ‘small-world’ networks 
by Ducan J. Watts and Steven H Strogatz

C(p)≫Crandom
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Remarks
• For small p, each short cut has a highly nonlinear 

effect → L(p) drops quickly

• An edge rewired from a clustered neighborhood 
has, at most a liner effect → C(p) drops slowly

• Similar results for different initial regular graphs 
random rewiring

At local level, 
transition to a small 
world is undetectable
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Albert-Barabasi

51

• Continuum Theory

• Simple and elegant

• Capture the process 
→ topology as byproduct

Π(ki) =
ki�
j kj
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Albert-Barabasi
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• Continuum Theory

• Simple and elegant

• Capture the process 
→ topology as byproduct

Π(ki) =
ki�
j kj
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Albert-Barabasi

51

• Continuum Theory

• Simple and elegant

• Capture the process 
→ topology as byproduct

precise mathematical characterization 
v. network generating mechanisms (why?)

Π(ki) =
ki�
j kj
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Price model

52

• directed graph

• cumulative advantage

• Master-equation or rate-equation method

• Other growth models 

• growth constraints

• gradual aging

• fitness
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Price model

52

• directed graph

• cumulative advantage

• Master-equation or rate-equation method

• Other growth models 

• growth constraints

• gradual aging

• fitness

models inspired by real-
world network properties 
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Processes on networks

1.Resilience
2.Epidemic processes
3. Epidemics of corruption
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Resilience

Alternative indicator: lack of variation in the fraction 
of vertices in the largest component of the network

54

failed

working

S: relative size of the largest cluster that remains connected
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Resilience

Alternative indicator: lack of variation in the fraction 
of vertices in the largest component of the network

54

failed

working

S: relative size of the largest cluster that remains connected

new giant component
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Resilience

Alternative indicator: lack of variation in the fraction 
of vertices in the largest component of the network

54

failed

working

S: relative size of the largest cluster that remains connected

new giant component

new giant component
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Resilience

Alternative indicator: lack of variation in the fraction 
of vertices in the largest component of the network

54

failed

working

Does the network disintegrate into smaller, 
disconnected parts when f>fc?

S: relative size of the largest cluster that remains connected

new giant component

new giant component
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Criterion
“A giant cluster, with a size proportional to he size 
of the original network, exists if an arbitrary node i, 
connected to a node j in the giant cluster, is also 
connecter to at least one other node.”

55

Monday, May 24, 2010



Criterion
“A giant cluster, with a size proportional to he size 
of the original network, exists if an arbitrary node i, 
connected to a node j in the giant cluster, is also 
connecter to at least one other node.”

55

in other words...

< k2 >

< k >
= 2
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Analytical results: 
when ɣ≤3 the critical fraction for disintegration is 1

f

ɣ=3.5

ɣ=2.5

K=25 K=400
re

la
ti
ve
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t 
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ze
 S

-power-law distributions-
a connected cluster of nodes survives even for 

arbitrary large fractions of random crashed sites
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-power-law distributions-
a connected cluster of nodes survives even for 

arbitrary large fractions of random crashed sites
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Dorogovtsev, S. N. and Mendes, J. F. F., Comment on “Breakdown of 
the Internet under intentional attack,” Phys. Rev. Lett., 87:219801 

(2001)
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-power-law distributions-
a connected cluster of nodes is highly 

susceptible to targeted attacks
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Epidemic processes
• Susceptible: don’t have disease but can catch it

• Infective: have the disease and can pass it on

• Recovered: have permanent immunity 
(removed, refractory)

• s,i,r - fractions of individuals in each state

61

ds

dt
= −βis

di

dt
= βis− γi

dr

dt
= γi

 constant rate at which any infective one becomes immune

uniform probability per unit time of catching the disease 
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M. E. J. Newman. The spread of 
epidemic disease on networks.
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process name characteristic typical value

α - process 
the local transmission process for # 
of corrupt neighbors ≥ ∆ α >> ε, β, γ

β - process
the mean field transmission process 
due to the total prevalence or 
perception of corruption

 ε<β<γ

γ - process
the corruption recover/elimination 
process due to the fight of the society 
against corruption

β≤γ<α

ε - process
the classical local epidemic process 
for # of corrupt neighbors < ∆  ε << α, β, γ

Epidemics of corruption
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∆=5; ε=0; α=0.35; β=0.08; γ=0.04; N=20000; M=50000
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Additive vs. Multiplicative Degree Correlation

P [y ∈ B(x)|d(x) = k, d(y) = k�]

∼ k · k�
P [y ∈ B(x)|d(x) = k, d(y) = k�]

∼ k + k�
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Δ=5; ε=0; α=0.35; β=0.08; γ=0.04; N=20000; M=50000
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Remarks
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Similar type of modeling applied to other processes

• opinion formation

• doping usage

• social disorders 

• innovation dynamics
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Take-home
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1. Halfway...
2. Potential of data + models with 

emphasis on networks
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